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Abstract: The aim of this paper is to study the existence and approximation of periodic solutions for non-linear
systems of integral equations, by using the numerical-analytic method which were introduced by Samoilenko[
10, 11]. The study of such nonlinear integral equations is more general and leads us to improve and extend the
results of Butris [2].
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I. Introduction

Integral equation has been arisen in many mathematical and engineering field, so that solving this kind
of problems are more efficient and useful in many research branches. Analytical solution of this kind of
equation is not accessible in general form of equation and we can only get an exact solution only in special
cases. But in industrial problems we have not spatial cases so that we try to solve this kind of equations
numerically in general format. Many numerical schemes are employed to give an approximate solution with
sufficient accuracy [3,4,6, ,12,13,14,15]. Many author create and develop numerical-analytic methods [1, 2,5,
7,8,9] and schemes to investigate periodic solution of integral equations describing many applications in
mathematical and engineering field.

Consider the following system of non-linear integral equations which has the form:
t

x(t,x0,y0) = Fo(t) + ff1(5:x(5.xo:)’o)v}’(S.xOv}’o);
0

, f G105, D) g1 (T x5, X0 ¥0), Y (1, %0, Y0)) A,

—00

b(s)
ooy 91 x (@ %0, ¥0), ¥(T, X0, ¥0))d)ds ()
t

y(t, x0,¥0) = Go(t) +ffz(sxx(S;xo:YO):}’(S;xo:YO):
0

S
, f G5, T2 (1, x(T, %0, Y0), ¥(T, Xy ¥0)) d,
bis)
, j 92520 %0, Y0, Y@ X0, y)dDds (1)
a(s)

where x € D c R™, D is closed and bounded domain subset of Euclidean space R™.
Let the vector functions

fl(t,x,}’:Z:W) = (f11(f,x,%Z,W):flz(t,x,%z:W): ---:f1n(t:x:y'Z'W)),

fz(t,X.y,u:V) = (f21(f,x,%u,U):fzz(t:x:y,u:v), ---,f2n(t'x')’:u'v)),

g1 (t' X, y) = (gll (t' X, y)' 912 (t, X, y)l = 91n (tr X, )’)),

p) (t, X, }’) = (g21 (t' X, }’), 922 (t' X, J’): =1 92n (t' X, J’)),

Fo(t) = (Fo1 (£), Fo2 (0), ..., Fop (1)),

and

Go(t) = (Go1(8), Goz (2), -+, Gon (1))

are defined and continuous on the domains:

(t,x,y,z,w) € R' X D X D; X Dy = (—0,00) X D X D; X D, X Dg}m(l D

(t,x,y,u,v) ER' XD X D; X D, = (—0,00) X D X D; X D, X Dy '

and periodic in t of period T, Also a(t) and b(t) are continuous and periodic in t of period T.
Suppose that the functions f;(t,x, v, z,w), f5(t,x,y,u,v), g.(t, x,y)

and g, (t, x,y) satisfies the following inequalities:
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it x,y,zwl < My, If2(E x, y, w,v) || < My, My, Mp > 0} 12)
||91(t'x'J’)||SN1' "gl(t'x'}’)”SI\ll ) Nl!NZ>0 '
If2 (E %1, y1, 20, wi) — f1 (6, %0, Y2, Zo, W) Il < Kqllxg — 0|l + Ko lly—y2 I+

+Ks3l|21 =22 || + Kyllwy —w ||
If2(E, 21, y1,ur, 1) — f2 (6 %2, ¥, U, V)N < Lally — x|l + Lo llys =y |1+

+Lzllug—uy |l + Lyllvy—vall < (1.4)
lg1(t, 1, ¥1) — 91 (&, x2, ¥l < Ryllxy — 220l + Rollys — 2l . -+ (1.5)
lg2(t, x1, y1) — g2(t, %2, )l < Hyllxy — x50l + Hallyy — vl -+ (1.6)

- (1.3)

for all ¢t € RY, x,x1,x, €D,y ,y1,y, € D1,2,21,25,u,u,u; € Dy, and w,w; wy, v, vy, v, € D3, where M; =

(My1, My, ..., Myy),
M, = (Myy, My, ..., Myy,), Ny = (Nq1, Nyg, ..., Ny,) and

N, = (N1, Ny, ..., Ny, ) are positive constant vectors and K; = (K1), Ko = (K;;), K3 = (K3l.j), Ky = (Ka;),

Ll = (Llij)! L2 = (LZU)!
L3 = (L3ij )' L4- = (L4ij)l Rl = (Rlij)' RZ = (RZL'J')! Hl = (Hli]')l and
H, = (H, l.j) are positive constant matrices.

Also G;(t,s) and G, (t, s) are (nxn) continuous positive matrix and
periodic in t, s of period T in the domain R! x R! and satisfy the following conditions:

Gt <ye™ Dy, 4 >0 - (1.7)
and
G, (t,s) || <8 e*2E=) |, 5,2, >0 - (1.8)
where —0<0<s<t<T<o, i,j=12,-,n,
and h = max.ejor)|b(6) —a(®| , .1l =maxeepor |1

Now define a non-empty sets as follows:

Ty
Dy, = D, _E</1_1) (RiM; + R;M,) ,
-+ (1.9)

T
Dsp = D5 — Eh(RlMl + R, M,) ,

T/6
Dys, =D; — E(Z> (HiMy + H,M3)

T
D3f2 = D3 _Eh(HlMl +H2M2) .

Forever, we suppose that the greatest eigen-value gq,,,, Of the following
matrix:

T 14 T 14
5 [Ki + Ri(5—K3 + hKy)] 5 [K; + Ry (- K3 + hK,)]
2 X 2 X
Q=|r 5 T 5 (110
>[Ly + Hi(L3 5=+ hLy)] 5 [Ly + Hy(5—L3 + hLy)]
2 1, 2 7

is less than unity, i.e.

@1+ 012 +4(p2 — 93)
Gmax (Qo) = J 5 <1 , - (1.11)

Where (pl = g[Kl + R1 (;/_11(3 + hK4)] + g [L2 + H2 (f_z L3 + hL4)],
T T 5
@2 = GI[K; + qu_lK3 +hK)DG Ly + Hi (5 Ls + hLy)]) and

§
93 = GIKy + RiG-Ks + RKOD G [Lz + Hy( Ly + ALD).
By using lemma 3.1[10],we can state and prove the following lemma:

Lemma 1.1. Let fi(t,x,y,z,w) and f,(t, x,y,u, v) be a vector functions which are defined and continuous in

the interval [0, T], then the inequality:
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L1 (t, x0, o)l Mya(t)
(”Lz(t'xo'J’o)”) = (Mza(t)) (1.12)

satisfiessfor0 <t <Tand a(t) <-,
where a(t) = 2t(1 — %) forall t € [0,T],

T
2

N

t
Ll(t'xO'YO) zf[fl(slxﬂvyO' fGl(sz)gl(T'xOvyO) dT!
0

1S 7
, f 91 (T, %9, ¥0)d7) _fff1(5:xo:3’o:
a(s) 0
s b(s)
, f G1(5, )91 (%, X0, o) d, f 91(T, X0, yo)dr)ds]ds
o als)

t s
Ly(t,x0,Y0) = f[fz(s'xO:YO: sz(S,T)gz(T:xOrYO) dr,
0

8]

T
1
| g@xndn -1 [ fexmn
a(s) 0
s b(s)
. f G>(5,0)9> (T, X0 o) d, f 92T, %0, yo)d7)ds]ds
—o0 a(s)

Proof.

N

f1(s, %0, Yo, fGl (s,1)91 (7, %0, ¥0)dT,

t

t
Iyl < 1= [
0

—0o0

b(s)
| a@man||ds+
a(s)
T s b(s)
t
+?f f1(s, %0, Yo, jG1 (5,191 (7, %0, ¥0)dr, J 91(T, %0, ¥0)d7) || ds
t —o0 a(s)
t T
t t
< (1—T)fM1dS+TJM1dS
0 t
< My[(1 = )t + = (T — 0)]
=1 7T
so that:
1Ly (¢, x0, yo) Il < Mya(t) -+ (1.13)
And similarly, we get also
IL2 (¢, x0, yo) Il < Maa(t) - (1.14)
From (1.13) and ( 1.14), then the inequality ( 1.12) satisfies for all

0<t<Tanda()<i . wm

Il.  Approximation Solution Of (I;) And (I,)
In this section, we study the approximate periodic solution of (I;) and
(1,) by proving the following theorem:
Theorem 2.1. If the system (1;) and (1,) satisfies the inequalities ( 1.2), (1.3), 1.4), (1.5),(1.6) and
conditions(1.7),(1.8) has periodic solutions x = x(t, xo, ¥o) and y = y(t, xo, ¥o), then the sequence of
functions:

t
Xm+1(t, X0, ¥0) = Fo(t) + J-[f1(5: X (S, X0, Y0)» Yin (S, X0, Yo)»
0
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N

, f Gl (S' T)gl(T' Xm (T' X0, yO)! Ym (T! X0, yO)) dT!

b(s) 1 T
, J. 91 (T, X (T, X0, Y0)» Yim (T, X0, ¥9))dT) —fffl(s'xm(s'xo'%)'
0

a(s)
s

s Ym (S, X0, ¥0), J-Gl(s:T)gl(T‘xm(T‘XO‘YO)'}’m(T‘XO‘YO)) dr,

—00

b(s)
[ 9100 0,00 7m0, v A5 (21)
a(s)
with
xO(t,xO,yo) = Fo(t) = XO y fOI’ a.“ m = 0, 1,2, eee
t

ym+1(t'x0'y0) = GO(t) + f[fz(snxm(S:XO:J’o)»ym(S»xo»YO)»
0

N

, j G5, 792 (%, Xom (T, %00 Yo )s Y (T, X0 ¥0)) di,

—00

b(s) 1 T
, f 92 (T, %, (T, X0, ¥0), Ym (T, X0, ¥0))dT) _TffZ(S'xm(sixO'yO)!
a(s) 0
N

» Y (S, X0, Y0), J62(5;T)gz(T:xm(T;xod’o)me(T;xod’o)) dr,

b(s)
, f g2 (T' Xm (T, X0, yO)t Ym (T, X0, yO))dT)dS]dS ( 22)
a(s)
with
yo(t,xO,yo) = Go(t) =y0 y f0ra||m= 0, 1,2,"'
periodic in t of period T, and uniformly converges as m — oo in the domain:
(t,xo,yg) € [0, T] X Dfl X leZ ( 23)

to the limit functions x°(t, x,, vo), ¥°(t, xo, yo) defined in the domain ( 2.3) which are periodic in t of period T
and satisfying the system of integral equations:
t

x(t, %0, %) = Fo(t) + f [ (5, (5, X0, Y0), ¥ (5, X o),
0

S
, fGl(S:T)gl(T'X(T:xo')’o),y(‘f,xo,yo)) dr,

b(s)

T
1
, J 91(t, x(T, %0, ¥0), (T, X0, ¥p) ) dT) _Tffl(s'x(s'xo'}’o)'
a(s) 0

S
(5,20, Y0), j G1(5, 7)1 (T, x(T, X0, ¥0), ¥ (1, X0, ¥0)) dT,
e

N AR R R MONCIALE o (24)

a(s)
and

y(t, x9,¥0) = Go(t) + f[fz(s,x(s, X0,Y0), Y (S, X0, ¥0),
0
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N

, f G55, 1) 92 (1, x(T, %0, 7o), ¥(T, X0 ¥0)) di,

—00

b(s) 1 T
, f 92(t, x(x, X9, ¥0), ¥y (T, X0, ¥0)) dT) —Tffz(s'x(s'xm%)'
a(s) 0

,¥(8, %0, Yo)s J-Gz(s:T)gz(T‘x(T‘XO‘YO)'}’(T'XO‘YO)) dr,

o) g3t x(5, %0, ¥0), Y (1, %0, y0))dT)ds]ds - (2.5)
provided that:
||X0(t'xo'J’0) _xm(tvaIyO)”) m -1
< E — C (2.6
(”yo(t,xo,yo) — Y (&, X0, o)l Q™ Q)™ 6o (26)

forallm = 0, where

T
PRa
Co=|2% | E isidentity matrix.
2 M2
Proof. Consider the sequence of functions x; (t, xq, ¥o), X2 (t, X0, Vo), **,
Xm (t, X0, yO)' -+, and N (t, X0, yO)' V2 (t, X0, yO)' o Ym (t, X0, yO)t -+, defined
by the recurrences relations ( 2.1) and ( 2.2). Each of these functions of sequence defined and continuous in the
domain ( 1.1) and periodic in t of period T.
Now, by the lemma 1.1, and using the sequence of functions (2.1),
when m = 0, we get:

By mathematical induction and lemmal.1, we have the following inequality:

T
Il (£, %0, ¥0) — X0l SE M, -+ (2.13)
i.e. x,(t,x9,y0) €D, forallt € R, x, € Dy, yo € Dyp,, m=0,1,2,-,
and
T
1y (£, X0, ¥0) — Yoll < 5 M, = (2.14)

i.e. ym(t,xg,y0) €D, forallt € R',x, € Dy, ¥y € Dyy,,m = 0,1,2, -+,
Now, from ( 2.13), we get:

T vy
|z, (&, X0, ¥o) — 2o (t, X0, Vo)l < > (/1—1) (RyM; + Ry;M;) -+ (2.15)
and
T
llwy,, (¢, X0, Y0) — wo (t, X0, Yol < Eh(R1M1 + R, M,) - (2.16)

forall t € R, xy € Dy, ¥ € Dy, 2o(t, %0, ¥0) € Dyp,and

wy (t, X0, Y0) € D3y,
i.e. Zm(t,xo,yo) € D2 and Wm(t,xo,yo) € D3 B for all Xo € Df1'y0 € leZ )

where
t
Zm(tlelyO) = fGl(t'S)gl(Slxm(S'xO'yO)’ym(S!XO!yO))dS
and B
b(t)
W (t' xO'yO) = f gl(s' Xm (S' xO'yO)'ym(S' xO'yO))dSr m = 0:1;2; Y
a(t)
Also from (4.2.14), we get:
T &
1w, (8, X0, Y0) — U (t, X0, Yol < E(A_) (H{M, + HyM,) <+ (2.17)
2
and
T
1V, (&, x0, ¥0) — Vo (£, %0, Yol < Eh(H1M1 + HyM,) - (2.18)
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forall t € R, xy € Dy,, ¥ € Dy, up(t, %o, ¥p) € Dyp,and
vo(t, X0, o) € D3y,
i.e. wy, (t,X0,Y0) € Dy and vy, (¢, x9,¥o) € D3, forall xy € Dy, ¥y € Dy, ,

where
t

um(t'xO'yO) = J-GZ(t'S)gZ(svxm(sﬂxO!yO)!ym(S!xO!yO))dS

and
b(t)

Um (t'xO'yO) = J- gZ(S'xm(S'xO'yO)! Vm (S! X0, yO))dS! m=0,12,--

a(t)
Next, we claim that two sequences{x,, (t, X9, ¥o) }m=0, {0 (£, X0, Y0) }m=0
are convergent uniformly to the limit functions x, y on the domain ( 2.3).
By mathematical induction and lemma 1.1, we find that:

||Xm+1(t,X0,y0) — Xm (t,xo:J’o)” < ¥
Sa®)[K + Ry (ZK3 + hK) 1% (€, X0, Y0) — Xim—1 (&, X0, Vo)l

14
+a()[K; + R, (/1—1 K3 + hK)lyim (€, X0, Y0) — Yim—-1(E, X0, o)l

and
lym +1 (& X0, ¥0) = Yin (&, X0, YOI <

1)
< a(®)[L; + H; (ZLs + hL )%, (£, X0, o) — Xm—1(t, X0, Yo) Il +

0
+a(t)[L, + H, (ZL3 + L) Ym (& X0, ¥0) = Ym—1(E, X0, Yo)l

We can write the inequalities ( 2.19) and ( 2.20) in a vector form:

Crn11(t, %0, Y0) < Q()Cyy (t, %0, ¥0) < (2.21)

where

Co+1(t,X0,¥0) = (
and

”xm+1(t,x0,YO) —Xm (t,xO,YONl)
1Yim+1 (8 %0, ¥0) — Y (& X0, YOI/

a®m+&%&+wm awm+&%&+wm
Q) =

’

o) 1)
a(t)[L, + Hy (ZL3 + hLy)] a(®)[L, + 1"12(/1—2 Lz + hL,)]
”xm (t,XO,YO) - xm—l(t,xO,YONl)

C.(t, xp, = (
&0 =y, (120, 0) — Y1 (820,70
Now, we take the maximum value to both sides of the inequality ( 2.21),

forall 0 <t < Tanda(t) sg,we get:

Cns1 < QoG - (2.22)

where Qy = maxtE[O,T]IQ(t)l .

T 14 T 14
) [K1 + Ry (A_ K3 + hKy)] > [K> + R, (/1— K3 + hK,)]
Q=17 61 T §
> [Ly + Hi(5— L3+ hLy)] = [Lz + Hy(= L3 + hLy)]
2 % 2 7

By iterating the inequality (4.2.22), we find that:

Cnt1 < Q" Co -+ (2.23)

which leads to the estimate:

m m
Yeas) a6 - (224)
i=1 i=1

Since the matrix Q, has maximum eigen-values of (4.1.13) and the series
(4.2.24) is uniformly convergent, i. e.

(2.19)

- (2.20)
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Equations

m

lim > Q' ¢y = ZQO”CO (F = Q)'Co -+ (2.25)

m—oo

The limiting relation (4 2 25) signifies a unlform convergence of the sequence
{2, (&, %0, ¥0), Yin (t, X0, Vo) Jon=p In the domain (4.2.3) as m — oo.
Let

lim x,, (t,%0,¥0) = x°(t, %0, %)
m-—co - (2.26)

lim y,, (8,%0,%0) = ¥° (£, 20, %0) -

Finally, we show that x(t, x, vo) = x°(t, x9,y,) € D and
y(t,x0,¥0) = y°(t, %0, ¥o) € Dy, forall x, € Dy, and y, € Dy,.
By using inequalities ( 2.1) and ( 2.4) and lemma 1.1, such that:

t

f[fl(sﬁxm (S'XO'yO)'ym (S' xO'yO)'Zm (S' xOIyO)' Wm(S, xO'yO)) -
1
= [ 050050300, (5200 900 7 5,30, 00, W 0, YD) s
0
_f[fl(s'x(S'XO'YO)'Y(erO:)’o):Z(S.xo;)’o).W(S.xo.J’o)) -
0

1
- Tf f1(5,x(s, %0, ¥0), Y (S, X0, ¥0), (S, X0, ¥0), W(S, X0, Yo ))ds]ds
0

|4
< a(®) (1K + R G- Ks + RKDbon G5 %0,30) = 25,70, 70)1| +
1
Ky + R (K5 + REI1Ym (5,0, 70) = ¥ (5,0, 30)11) <
r 14
<5 (1K + Ru G- K + Rl 60, 90) = 2630, 70| +
1

Ky + Ry (K5 + K1y (8%0,70) = ¥(6%0,y0)1l) -
From inequality ( 2.26) and on the other hand suppose that:.
|2, (£, X0, ¥0) — x(&, X0, Yol < €1,
1y (&, %0, ¥0) — ¥(&, %0, YOIl < €,

Thus

f[fl(sﬂxm (5, %0, Y0)s Y (S, X0, Y0)» Zin (S, X0, ¥0), Wi (5, X0, Vo)) —

0

1
_?f fl(slxm (SleIyO)'ym (S' xOJyO)IZm (S' xO:yO); Wi (S' xO'yO))ds]dS -
~ U505, 30,30), 5120, 700,265,309, wC5, 0, 700) =

0

1
- ?J‘ fl (Slx(s' X0, y())l y(S: X0, YO):Z(S: Xo, YO): W(Sl X0, YO))dS]dS
0

T T
S . [Kl + R1(1K3 + hK4)]El + ey [K2 + R2(1K3 + hK4)]Ez
2 4 2 4

€3 €4

Putting e, = /—————— and ¢, = ———————— and substituting in the last equation, we have:

Y T Y
3lK1+R1G K3 +hKa)] lK2+R2 (37K3+hKa)]
t

f[fl(sl Xm (S, X0, yO)' Ym (Sv X0, yO)'Zm (Sv X0, yO)v W (S! X0, yO)) -
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T
1
_Tf fl(slxm (Sle'yO)'Ym (Sv xOvyO)'Zm (Sv xO'yO)va (S! xO!yO))ds]dS -
tO
—f[f1(5.X(S,xo,yO).Y(S.xo,)’o).Z(S.xo,yO).W(S.xo.}’o)) -
0

T
1
- Tf fl(s' X(S, X0, yO)' y(S'xOv yO)'Z(S! X0, yO)! W(S! X0, yO))dS]dS
0

T 14 €3
! > [Ki + Ry (ZK3 + hKy)]
T 4 €4
) (K> + Rz(ZKa + hKy)] 7

7 (K2 + RaGi- Ky + hK,)]

< €3 + 64’
and choosing €5 + €, = €, we get:

t
UG5t (5120, 702 i 530,300, 20 . 0, 300, (5,300, 700) =
°
—%fﬁ(s’xm (S, X0, ¥0)» Y (S, X0, ¥0)» Zin (S, X0, Y0 ), Wiy (S, X0, ¥o) ) ds]ds —
0
t
—J-[f1(5'x(S’xod’o)'}’(s»xo:)’o)»Z(S;XO:)’O)»W(S»XO;}’O)) -
0

T
1
_?J‘fl(s! x(S,xo;YO),Y(S,xO,YO)' Z(Sl xO,YO);W(S, xO'YO))dS]dS <€
0

forallm >0,

t
Le. nllilrolof[ﬁ(s' Xim (S, X0, ¥0)» Ym (S, X0, Y0)» Zm (S, X0, Y0), Wi (S, X0, ¥0)) —
;0
—%ffl(s,xm(S,xod’o)'}’m(5'xo')’o),zm(S'on’o)'Wm(S,xo,yo))ds]dS =
0
t
_f[fl(s'x(S'xo')’o)'J’(ero:YO):Z(ero:YO):W(S:xO:)’o)) -
0

T
1
- ?f fl(sl x(sl X0, J’O); Y(S; X0, YO):Z(S' X0, YO): W(Sl X0, YO))dS]dS
0

So x(t,x9,¥0) € D, and x(t,xq,yo) = x°(t, X0, yo) is a periodic solution of ( 11),
Also by using the same method above we can prove y(t, xo, vo) € Dy, and  y(t, xo,yo) = y°(t, xo, Vo) IS
also periodic solution of (I ).

Theorem 2.2. With the hypotheses and all conditions of the theorem 2.1, the periodic solution of integral
equations ( I; ) and ( I, ) are a unique on the domain (1.3).
Proof. Suppose that X(t, xo, v,) and y(t, x,, ¥o) be another periodic solutions
for the systems (I;) and ( I, ) defined and continuous and periodic in t of period T, this means that:
t

2(t, %0, 0) = Fo(0) + f [ (5,25, %0, Y0), 55 X0 Yo,
0

S
. f 61 (5, D)1 (T, 25, X0, ¥0), 9 (X0, Y0)) dT,
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b(s) 1 T
| 91 w00, 9@ 50300 ~ 7 [ A5 %G 3030)
a(s) 0

S
,¥(8, %0, Yo0), J-G1(5;T)gl(T‘f(T‘XO‘YO)'}A’(T‘XO‘YO))dT'

b(s)

N IPACE CRRDRICR XL - (227)
a(s)

and
t

96,0, %0) = Go() + f £ (5, 25, X0 Yo), (5, X0, Vo),
0

N

’ J GZ(S! T)gz (T' 52(7:: Xo, yO)! 51\(‘[: X0, yO)) dT,

—00

b(s) L T
[ 9202090, 96 303000 = 7 [ foCs, 265,70, 70),
a(s) 0

S
,Y(8,%0,¥0), fGz(s»T)gz(‘f'f(T'xo'}’o)»}A’(T»xo'}’o)) dr,
e

, j 92T, 22, %0, Y0), 9%, X0, vo))dT)ds ] ds - (228)

a(s)
For their difference, we should obtain the inequality:

lx(t, X0, yo) — X(t, x0, YOIl <

T 14 X
< 5 K + R1(A—K3 + hK)]lx (¢, x0, o) — X(t, x0, Yol +
1

T 14 -
+E K> + Rz(z K35 + hK)1ly(t, %0, y0) — ¥(&, x0, Yl - (2.29)

And also
ly (s, x0,¥0) — P(s, %0, Yol tS

t
<(1- ?) ][Llllx(s,x(»yo) — x(s, %0, Yol + Lally (s, %0, ¥0) — (s, x0, o)l
0

0

+A_L3(H1||X(S,XO'YO) — %(8, %0, yo) ll + H2lly (s, x0,¥0) — $(5, %0, o)) +
2

+hL4T(H1 12 (s, x0, ¥0) — X(s, %0, Yo) Il + H2 1y (s, %0, ¥0) — (5, X0, ¥0)[D]ds

t
+?I[L1”x(5,x0,y0) - x(S!XO!yO)” + Lley(SlelyO) _Y(S;XO;YO)”) +

:
2 L Bl 030) = 55,30, + Hally (5, 70,0) = 965,70, 700D +
+hLy(Hyllx(s, x0,¥0) — X(s, x0, Yol + H2 1y (s, %0, ¥0) — (S, %0, ¥0)ID]ds
< a(t)[L; + Hl(%l‘.% + hL)]lIx(t, %, y0) — X(t, X0, yo)l +
+a(O[Ls + Hy (- Ly + RL)1IY(E X0, ¥0) = 96 X0, 30)

so that:
ly(t, x0,¥0) — P (&, x0, Yol <

T 1)
=< 2 (L, + HI(A_ZL3 + hL)]x(t, X0, yo) — X(t, x0, Yol +

T 5 .
+7[Le + Hy (- Ls + RL)TIY (%0, ¥0) — 9 x0, ¥l -+ (2.30)
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and the inequalities (4.2.29) and (4.2.30) would lead to the estimate:
(”x(t! XO;YO) - k\(t! xO!YO)”) < QO (”x(t:xo;YO) - f(t! xo:}’o)”)

ly (¢, x0,¥0) — P(t, x0, Yol ly (t, %0, ¥0) — P(t, %0, Yol
. (2.31)

By iterating the inequality (4.2.27), which should find:
(llx(t, X0, Yo) — X(t, xo'J/o)”) < Q," <||x(t, X0, Yo) — X(t, xo, }’0)”)

ly (¢, %0, ¥0) = §(t, %0, yo)ll ly (€, x0, o) = F (&, x0, Yol
But Q,™ — 0 asm — oo, s0 that proceeding in the last inequality which is contradict the supposition It follows

immediately x(t, xg, yo) = X(t, xo, yy) and
y (&, %0, ¥0) = J(&, %0, ¥o)-

I11. Existence of Solution of (I1) and (I5)
The problem of existence of periodic solution of period T of the system
( 1) and ( I,) are uniquely connected with the existence of zero of the functions A;(0,x,y,) = A; and
A, (0, x4, o) = A, which has the form:
A1: Dfl X leZ — R"
T

1
A1(0,x0,¥0) = = | fi(t,x°(t, %0, ¥0), ¥° (&, X0, Y0),
T
0
t

’ f Gl (t! S)gl (S,XO(S, X0, yO)l yo(S: X0, yO)) ds

—00

b(t)

) f 91(5,x°(s, %0, ¥0), ¥° (s, X0, ¥9) ) ds)dt = (3.1)

a(t)
AZ:Dfl X D1f2 - R"
T

1
AZ(O,XO;YO) =T fz(t,xo(t,xO,YO);yo(t;xOJYO),
T
0

t
] f GZ (tl S)gz (Slxo(sl X0, yO)) yO(S, X0, yO)) ds

—o0

b(t)

’ J g2(S!xo(s!xwyO)!yO(SJXOJyO))dS)dt (32)

a(t)
where the function x°(t, x,,y,) is the limit of the sequence of the functions x,, (t,x,,y,) and the function

yO(t, xo, yo) is the limit of the sequence of the functions y,, (t, xq, yo)-
Since this two functions are approximately determined from the sequences of functions:

Alm:Dfl X lez - R"
T

1
Alm(o'xO'yO) = ?J‘fl(t'xm(tlelyO)'ym(tlelyO)l
0
t

) J Gl (t' S)gl(S, Xm (S, X0, yO)! Ym (S, X0, yO)) ds

—00

b(t)

’ f gl(s’xm(s)xO’yO):ym(S:xO:yO))ds)dt (33)

a(t)
Azm: Dfl X leZ - R"
T

1
AZm (0! X0, yO) == fZ (t, Xm (t' X0, yO)l Ym (t' X0, yO)'
T
0

t
’ J- GZ (t' S)gZ(Sv Xm (Sv X0, yO)! Ym (S! X0, yO)) ds

—00
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b(t)

'J-92(5‘xm(siXO‘}’O)'}’m(s'xo'}’o))ds)dt <+ (3.4)

a(t)
forall m=0,1,2,---

Theorem 3.1. If the hypotheses and all conditions of the theorem 2.1 and 2.2 are satisfied, then the following
inequality satisfied:

||A1(0,X0,y0) _Alm(O'xOryO)” < dm (35)
||A2(01x0':)}0) _AZm(O'xO'yO)” Snm (36)
satisfied for all m > 0,x, € Dy, and y, € Dy,
where
Y Y
= (I + RiG K+ K] Ko+ RaGKa + K],
, Q" H(E — Q) Co)
and

Nm = (([L1 + H; (f_zle + hL,)] [L, + H, (% Lz + hL4)]);

, Qo™ (E = Qo) Co)-
Proof. By using the relation ( 3.1) and ( 3.3), we have:
”Al(OFxOF }’0) - Alm (0' X0, }’0)”

Y
<[Ki+ R1(/1_K3 + hKDNIx°(t, x0, o) — Xm (&, %0, o) Il +
1
Y
+[K; + RZ(A_ K3 + hK)]lly° (¢, %0, ¥0) — Y (&, %0, Yol
1
Y Y
< (([K1 + R1(ZK3 + hK,)] [K> + R, (ZK3 + hK4)]),

, Q0" E — Q)T C) = diy
And also by using the relation ( 3.2) and ( 3.4), we get:

14, (0, x9, yo) —5A2m (0, %0, yo)Il < 5
< (([Ll + Hl(ZLs + hLy)] (L, + HZ(ZIG + hL4)]>:

Q0" HE — Q)M Co) = My
where (.) denotes the ordinary scalar product in the space R*. =

Theorem 3.2. Let the vector functions f(t, x,y,z,w), f>(t, x, y,u, v),
g1(t,x,y)and g,(t, x, y) be defined on the domain:
G={0<s<t<T,a<x,y<hc<zu<de<wuv<f}<SR}
and periodic in t of period T.

Assume that the sequence of functions (4.3.3) and (4.3.4) satisfies the

inequalities:
min T Alm(O,XO,YO) S_dm ) \
a+zM<xo<b—5My
c+§Mzsyosd—gM2 (3.7)
, max A (0,%0,¥0) = dy '
a+7M1SX0$b—7M1
c +§M2 <yo=d —%Mz )
min . A (0,%0,y0) <—m, \
a+zMy<xo<b—M;
+ZM <yo<d IM
c 2 25Y0 S M2 (38)
T max T AZm(O; X0, YO) = T'Im )
a+7M15X0$b—7M1
T T
C+7M25y05d—7M2 )

for all m = 0, where
|4 )4
dn = (I + RiG K+ K] Ko+ RaGKa + K],

, Qo™ (E — Qo) 71Co)
and
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é é
M = (Il G L +RLD) [+ HaGoLa + L)),

, Qo™ (E = Qo)™ Co)
Then the system (4.1.1) and (4.1.2) has periodic solution of period T

x = x(t,x9,¥0) and y = y(t, xq,yo) for which x, € [a + ng,b - ng] and
T T
Yo € [C +§Mz,d - EMZ]
Proof. Let x;, x, be any two points in the interval [a + ng, b— ng] and yy, ¥, be any two points in the
interval [c + EMZ, d— gMZ],

such that:
A1m (Ov X1, yl) = T min T Alm(oi X0, yO) ) \
a+5M1<xg<b—5M1
2 2 |
cHEMa<yo<d—oMy - (3.9)
A (0,%2,y,) = p Mmax A1 (0,x0,¥0)
a+7M15x0$b—7M1
C+gM2$y0Sd—gMz J
Ay (0,x1,¥1) = T min T Ay (0,%0,¥0) \
a+7M1SX0$b—7M1 |
c+%M2§yosd—gM2 ] ( 3 10)
Ay (0,%3,¥,) = p max. Ay (0,%0,¥0) '
a+7M1Sx0$b—7M1
C+gM2Sy0$d—gM2 )
By using the inequalities ( 3.5), ( 3.6), ( 3.7) and ( 3.8), we have:
A1(0,x1,¥1) = A1y (0,x1,y1) + [A1(0, %1, y1) — A1 (0, %1, 1)) < 0 ;}
A1(0,x3,y2) = A1 (0, %2, 2) + [A1(0,x2,y2) — A1 (0, %2, 72)] <0 .
-+(3.11)
A2(0,x1,¥1) = A3 (0,1, y1) + [A2(0, %1, 1) — Agyy (0,%1,¥1)] <0 ;}
A7(0,%2,¥2) = D20 (0,x2,y2) + [82(0,%2,¥2) — B2 (0,5, ¥2)] <0 .
-+ (3.12)

It follows from the inequalities ( 3.11) and ( 3.12) in virtue of the
continuity of the functions A; (0, x,,v,) and A; (0, x,, y,) that there exists an isolated singular point (x°,y°) =
(%0, ¥0) , x° € [x1,x;] and y° € [y1,¥,],
so that A;(0,x°% y%) = 0 and A,(0,x° y%) = 0. This means that the system ( 3.1) and (4.3.2) has a periodic
solutions x(t, xq, yo), ¥(t, x4, yo) for which

Xo € [a+IM,b—2M] and y; € [c + My, d —ZM,]. m

Remark 3.1. Theorem 3.2 is proved when R™ = R, on the other hand as x,,y, are a scalar singular point
which should be isolated (For this remark, see [5]).

IVV. Stability Theorem Of Solution (I;) And (I5)
In this section, we study theorem on stability of a periodic solution for the integral equations ( ;) and ( I,).
Theorem 4.1. If the function A; (0, xo, ¥o), A2 (0, xo, Vo) are defined by
equations ( 3.1) and ( 3.2), where the function x°(t, x,, y,) is a limit of the sequence of the functions ( 2.1) , the
function y°(t, x,,y,) is the limit of the sequence of the functions ( 2.2) , Then the following inequalities yields:

141 (0, xo, yo)Il < M; = (4.1)
14, (0, xg, yo)ll < M, <+ (4.2)
and

18,0, x5, o) — A2 (0, x5, ¥o )l < FyF,E3||F3 () —TF()Z(t)” + .

+EF1F2E2((E3 +E) + FE,(1— 551))”601(0 - Goz(t)”
e (44)

forall x°, xg,x¢ € Dy, y°,¥4,¥5 € Dy and  a(t) = 2t(1 — %) < g,

Where E1 = [K]. + R1 (;/—1K3 + hK4)], EZ = [KZ + RZ (ly_l K3 + hK4)],
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Ey = [Ly + Hy (S Ls + hLy)l, Ey = [Ly + Hy(- Ly + hly)),
T T T?
Fr=[1- 551)(1 - 554)]_1 and F, = (1 - TNzNzaFl)_l
Proof. From the properties of the functions x°(t,x,,y,) and y°(t,xy,v,) as in the theorem 4.2.1, the
functions A; = Ay (%, ¥0 ), A1 = A1 (x0, V0 ),
Xo € Dy, yo € Dy, are continuous and bounded by My, M, in the domain ( 1.3).

From relation ( 3.1), we find:
T

1
141 (0, %0, ¥oll < Ff”fl(t: x°(t, x0,¥0), ¥° (£, X0, ¥o),
0 t
4 JGl(t,S)gl(s,xo(s,xo,yo),yo(s,xo,yo))ds,
N0

rJgl(S:XO(S:XO:}’o)xyo(sxxO:YO))d5)||dt

a(t)
by using the Lemma 4.1.1, gives:

141 (0, x0, yo) Il < M;.
And from relation ( 3.2), we get:
T

1
142 (0, x0 , ¥oll < Tf”fz(t:xo(t. x0,%0), ¥° (£, %0, ¥0),
0

t
) fGZ(t'S)gZ(S'xo(stthyO)tyO(Stx()tyO))dS'
()
] f gZ(S,xO(S,xO;YO),yo(S,xOJ’O))ds)”dt

a(t)
and using Lemma 4.1.1, we have:

1420, x0, yo) Il < M,
By using equation ( 3.1) and lemma 1.1, we get:

||A1(9,x&.y01) - Al(o' xg,YOz)”
1
< 7 U oxdn®) = 202l +

0
+K, ly°(t, x5, o) — ¥° (&, x5, yo DIl +

Y
+/1_K3(R1||X0(f' x5, ¥0") — x°(t, x¢, yo )l +
1

+R2||y0(t' xé,yol) - yo(t! Xg:YOZ)ll) +

+ hKy (R llx°(t, x5, 70") — x° (¢, x5, yo Il +

+R,lly°(t, x%;)’ol) —¥°(t, 28, yo®)ID]dt

< [Ki + R1(ZK3 +hK)] lIx°(t, x5, 70") — x°(¢, x5, yo Pl +

|4
+[K; + RZ(/TKS +hK)] ly° (@t x5, ¥0") = ¥° (£, x5, %02

1
S0,
14100, 3, ¥0") — 81(0, x5, ¥*) Il < Eyllx°(t, x5, 70") — x°(t, x5, %Pl +

+E, 1y (t, x5, 0" — ¥° (&, 28, %)l
-+ (4.5)
And also by using equation ( 3.2) and lemma 1.1, gives:

||A2(gﬂx&'y01) - AZ(Oﬂxg: YOZ)”
1
<7 [ Balle @b = #0exd 2+

0
+L2”y0(t,x(},3701) _yo(t!ngyoz)” +
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1)
+/1—L3(H1||x0(t,X3'YO1) —x°(t, x§, yo Il +

2
+H2”y0(t;xé'YO1) _yo(trxg!yoz)”) +
+ hLy(Hy lIx°(t, x5, o) — x°(t, %8, o)l +
+H, |ly° (¢, x4, o) — ¥°(t, x5, o *) D] dt

< [Ly +H1(£L3 + hL)] lIx°(t, x3, y0) — x°(t, x5, yo Il +
> /,{2 » A0 )0 y A0 )0

5
+[L, + Hz(gLs + hL] ly° (8, x4, yor) — y° (&, x¢, yo DI

Therefore,
14,00, x3, ¥o) — 82(0, x5, yo Il < Ezllx°(¢, x5, yo!) — x°(t, x&, yo )l +
+E4 ly°(t, x5, ¥0") — y° (&, x5, yo DI
e (4.6)
where the functions x°(t, x3, yo1) , y° (¢, x3, yo 1), x°(t, x3, y,?) and
yO(t, x¢,v,%) are solutions of the equation:
t
x(eh ) = FE© + [ 16363, 98, 7Gx, ),
0
S
| 61600 @@ty )
_boEs)
N INCECR BB DR
a(s)
1 T
~ | Alx w96, v 58,5,
0
S
, fG1(S,T)gl(T,X(T,xg,yg),Y(T,xg,yg)) dr,
b(s) -
'f91(T,x(T,x(’)‘,y(')‘):J’(T;x(’)‘,}’c’f))df)ds]ds = (4.7)
a(s)
and
t
(e xb ) = GEO + [ x5, 8, 05,5698,
0
N
| 62609 @b 3yt )
_bo(os)
| g xab @b -
a(s)
1 T
~ 3 [ FoCsxts w980, v 58 90,
0
S
) fGz(S.T)gz(T,x(T.xé‘,)'é‘)J(T,xé‘,yg)) dr,
b(s) -
.fgz(T.x(T,xé‘,y('f)')’(T,xé"}’c’f))df)ds]ds -+ (4.8)
a(s)
where k =1,2.
From (4.4.7), we get:
”xo(tlxé'yol)_xo(tixgvyoz)”
< |IF3 (8) = F§@®Il +
Page | 14
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4
+a(t)[K; + Rl(Z K3 + hKy)] 11x°(t, x5, y01) — x°(t, x5, ol +
4
+a(t)[K; + Rz(ZKg + hK)] ly° (8, x5, v01) — y° (&, x4, oI
< IIFé(t) —FF @Il +
Y
t3 Ky + Rl(l_ K3 + hKy)] 11x°(t, x5, v01) — x°(t, x5, o)l +
1
T 14
t3 (K, + Rz(ZKg + hKD] ly° (8, x5, yo!) — ¥° (&, x5, v DI

such that:
12 (t, x5, yo' ) =x°(t, x5, yo DIl < |IFg (&) — F§ Ol +

T
+§E1||x°(t,x3.yO1) —x2(t, x¢, yo DIl +
T
+EE2 ly°(t, x5, v0) — ¥° (&, %8, yo )l
therefore:
T
(%6, 70 )=x° (6,6, v < (1 = S EDTHIFg (8) = FE (1l +

T T o
+5E2(1—5E1) Hly° (e, x5, yo1) — y° (&, x5, yo O

- (4.9)
And also from relation ( 4.8), we have:

ly°(t, x5, o) —y° (&, x5, yo Il <
< IGg(®) — GE(OIl +

+a(t)[L, + H ﬁL + hL)] 120t x3, yob) — x°(t, x2, yo 2| +
a(t)[L, 1(/12 3 D] X (€, x5, o XL X0, Yo

g Ofr 1 1 O(r v2 2
+a(t)[L, + HZ(ZIG + hL)] ly° & x0,¥07) —y° (& x5, Yol <
< IGg (&) — GE Il +
T g Ofs o1 o 1 0(p o2 ) 2
+E[Ll + HI(A_LB + L] Ix° (x5, ¥07) — x7 (&, x5, Vo)l +
2

T g O(p o1 - 1 Ofp o2 + 2
+E[L2 + HZ(A_LB + hL] ly® (&, x5, ¥0") — ¥° (& x5, Yol
2
so that:
ly°(t, x5, ¥ )=y° (&, x5, o DIl < IG5 () — GE (Ol +

T
+5 B3llx® (6, x0,30") — 27 (6 %8, o)l +

T
+o By (6 x0,70") = ¥ (6 x5, 30 )
and hence:

T
y° (¢t x5, y0 )—=¥° (&, x5, %Il < (1 — 554)_1”05(1?) -Gl +

T T _
+ 2B (1 = TE) T IR 2 30 — 20t 8, 707

-+ (4.10)
Now, by substituting inequality ( 4.10) in ( 4.9), we get:

T
lIx°(t, x5, ¥o") — x°(t, x5, vl < (1 — 251)_1”1’01(0 - FE@Il +
T T T iy 2
+§Ez(1 - EEI) (1 _254) IGo (t) — Gg (Ol +
T T
42 B0 = 2 E) () — 206,33, 70011
T iy 2
=(1- 551) l1Fo (6) — Fg (Il +
T T T 11 5
43 Bl(1 =5 B~ EDIIGH® — GOl +

T2 T T _
+ B E3[(1—E)( — S ED]Ix (6, x5, ¥0") — x° (&, x5, 0 DI]
. T T _
putting Fy = [(1 =2 E1)(1 — 5 E4)] .’
and substituting in the last inequality, we obtain:
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T
lIx°(t, x3, yo!) — x°(t, x5, vl < (1 — 551)_1||F01(t) —FEOI +
T T2
+EE2F1||Gé(t) - GE@OIl + +TE2E3F1||x°(t,xé,y01) —x°(t, x4, o]
asthe  Fy(1—2E)=(1-3E)"
T
lIx°(t, x5, yo1) — x°(t, x5, vl < Fy(1 — §E4)||Fol(t) —FF®ll +

T T2
+2 E2FllGE (6) = GE (Ol + 5 Ep B Fillx® (£, x4, yo1) — x°(t, x4, 72}
which implies that:

2
0 1 1y _ 40 2 2 << F 1_ZE 1—T—EEF -1 Fl _FZ
12" (t, x5, 0" ) — x7(t, x5, Yo )l << Fi( 2 4)( 3 “2b3 ) I Fe (®) oI +
T T —1y1 1 2
+§E2F1(1 - TE2E3F1) 1Go (t) — G (Ol

2
putting  F, = (1 — — E,E3Fy) ™!
and substituting in the last inequality, we obtain:

T
Ix°(t, x5, ¥o1) — x°(t, x5, yo®)l < FiFp(1 — EEAL)”FOl(t) —FE@OIl +

+3EFRIGHE) - GOl - (411)
Also, substituting the inequalities ( 4.11) in ( 4.10), we find that:

T
ly° (¢, x5, %D =y° (&, x5, yo Il < (1 — 554)_1”53(5) -Gl +
T T oo T
+2E3(1 =S E)T RF1 - SEDIF (O - FF Ol +

T 1 2
+ EEzFle 1Go (£) — Gg (O]
and hence
T
ly°(t, x5, yo )=¥° (&, x5, ¥ >l < EEgFlellF&(t) - Fe Il +
+F (1 = 3E) + 5 FREIGHE) — GOl
- (4.12)

S0, substituting inequalities ( 4.11) and ( 4.12) in inequality ( 4.5), we get the inequality ( 4.3).

and the same, substituting inequalities ( 4.11) and ( 4.12) in inequality
(4.6), gives the inequality (4.4). m
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