International Journal of Engineering Inventions
e-ISSN: 2278-7461, p-1SSN: 2319-6491
Volume 4, Issue 7 (December 2014) PP: 01-05

Fractional Integration Operators of Certain Generalalized
Hyper geometric Function of Two Variables

Yashwant Singh', Nanda Kulkarni®
'Department of Mathematics, Government College, Kaladera, Jaipur, Rajasthan, India
Department of Mathematics, Maharani Lakshmi Ammanni College for Women Bangalore Karnataka, India
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I. Introduction
The H -function of two variables defined and represented by Singh and Mandia [10] in the following manner:
[X y] I: :I H(’)Jlrhql :’122 ;22 r;j ;j |:x (aj “r Aj)lpl( " yj.Kj)“‘z ( I yj)nzﬂpz ( iEis R’)1"3 (ej'Ej)nwLpa }

Y|(b;.5;: J) CIP 51)1m2 (d;.95 ])m2+1q2 (i ':J),m3 (5 Fj?sj)mgﬂ,%

(&:1)8,(E)g(m)x*y"d&dn (1.1)
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N
[]r(1-a;+a;+Apn)
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[1r(a-a- An)H (1-b; + B,&+B;n)
j=n+1 =1
ﬁ{r(l—cj +yj§)} " Hr(dj ~5,¢)
%, (&)= ,f:l = = : (1.3)
11 r(cj—ng);]‘[{ (1-d;+5,8)}"
ﬁ{r(l—e. +Ep))” f[r(fj —F)
#s (77) J = % = N (1.4)
Jlllr( )1-1;[+1{F(1_ fi+ an)} J

Where Xand Y are not equal to zero (real or complex), and an empty product is interpreted as unity
P, d;,N;,M; are non-negative integers such that0<n < p.,0< m; < qj(i =12,3,]=2,3). All the
aj(j =12,..., pl),bj(j =1, 2,...,q1),cj(j =12,.., pz),dj(j =12,..,0,),

e;(1=12,...,p,), f;(j=12,...,d;) are complex parameters.

72 0(j=12,.., pz),é'j >0(J=12,...,9,) (not all zero simultaneously), similarly

E, > 0(j=L12,...,p,), F = 0(j =12,...,0;) (not all zero simultaneously). The exponents
K;(1=12,..,n),L;(j=m,+1,...,0,),R;(] =1,2,...,n,), S;(j =m; +1,..., ;) can take on non-

negative values.
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The contour L isin & -plane and runs from —icoto +i00. The poles of F(dj —5j§)(j =12,...,m,) lieto

Ki . .
the right and the poles of F{(l—Cj +}/j§)} (J=12,.., nz),F(l—aj +ao; &+ Aji])(J =12,..,n)to

the left of the contour. For Kj (j =12,..., n2) not an integer, the poles of gamma functions of the

numerator in (1.3) are converted to the branch points.

The contour L, isin 77-plane and runs from —iooto +io0 . The poles of r( f, - an)(j =12,...,m,) lieto
R.

the right and the poles of F{(l—ej + Ejn)} "(i=12,.., n3),1“(1—aj +to &+ Ajn)(j =12,..,n)to

the left of the contour. For RJ. (j =12,.., n3) not an integer, the poles of gamma functions of the numerator

in (1.4) are converted to the branch points.
The functions defined in (1.1) is an analytic function of Xand VY, if

P P2 % 2

U=>a,+D.7,->.8->.6,<0 (1.5)
j=1 j=1 j=1 j=1
1) P3 % 4

V=) A+>E->B->F<0 (16)
j=1 j=1 j=1 j=1

The integral in (1.1) converges under the foIIowing set of conditions:

Q=iaj—ia+25—Z5L WLZ;/J Z;/J Z,B >0 (17)

j=m+1 j=my+1 j=n,+1

A:iA ZA+ZF—ZFS+ZER—ZE ZB>O (1.8)

j=1 j=m+1 j=my+1 j=ny+1
|arg x |< EQE, largy |< EAﬂ' (1.9)
The behavior of the H -function of two variables for small values of | Z |follows as:
HIX, yI=0( x| y "), max{| x|.| y [} =0 (1.10)
Where
i di fJ'
a=min|Re| — £ =min | Re| — (1.11)
1I<j<m, 5] 1< j<m, FJ
For large value of | Z|,
HIX, y1=0{x[*,| y [}, min{ x|,| y [} =0 (1.12)
Where
' c;-1 e, -1
a'=max Re Kj , B'=maxRe Rj (1.13)
1<j<n, 7/1. I<j<ng E

Provided that U <0Oand V <O0.
If we take

K, =1(j=12,..,n,), L, =1(j=m,+1...,0,), R, =1(j=12,..,n,), Sj =1(j=m;+1,...,0;)in
(2.1), the ﬁ-function of two variables reduces to H -function of two variables due to [7].

Ifwesetn, =P, =0 = 0, the H -function of two variables breaks up into a product of two H -function of
one variable namely

—0,0:m,,nyimg,ng
H00P2q2p3‘13 y

(753K )an {ei7 )M,pz:(ej EjiR; )1,n3 {e3Ej )n3+1‘p3 }

:(dj 0j )l‘mz ’(dj ik )mz+1.CI2 :( fi:Fy )1‘m3'( fi:FiiS; )m3+l‘u3
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X (Civh?KJ‘)MZ (7 )nyl,pz ﬁmsv% y (e5.EjiR; )l,nS'(eJ'Ej)wm
(T N TR Y N el I (L) N T M
If A >0, we then obtain

(a5 2y ) o (0 275KG ) 05 274) o030 2B R ), (650 2E5),
(05285385 ) (d5.203), (01205585 ) o (30283 ) (2RSS )

(1.14)

—0,n: my,nyimg, Ny

2 x*
/1 H Pr: %P2,z P3,0s |:

y/l

T30 My, npmg,ng {X (aiv“i?AJ)l,plv(CivVJ?Ki)l,nz'(ci'7i)nz+1,pzv(ei'Ej?Rj)l,nsv(eirEi)n3+1,p3 } (1.15)

PruP bt |y (bi'ﬂJ;Bi)l‘ql’(di’51)1.m2’(dj’§j;Li)mzﬂ,qz’(fj’Fj)l.mg’(fj":j;Sj)msﬂ,qs

0.0z my,npmg,ng [}/X (35.@5A7 ), (01753 ) (0375 gy (B E R (850E) }

H ,01:P2,00: P3, -
PP Gt | 401 (b 8, I IR A TR N 0L N L TLE Y

_ﬁo,nl:.mz,nz':m3,n3 X (l*ijﬁj;Bj)lvql'(lidj’5j)1’m2’(17dj'5j;Lj)m2+1vq2’(17fj'Fl—)lvmsy(lifj":j;sj)n\3+l,q3 (1 16)
PruPe et | y) (1-a; a5 oo (07555 ), 273y e B R, (e ), '

Il. Definitions
We introduce the fractional integration operators by means of the following integral equations:

VL8100 e 2o o) £ 2o

And ’

N2t (x)]=me oo (o —x ) £ @R[ ]t 2.2)
0

Where U and V represent the expressions

tr m tr n Xr m Xr n
H (1_ _'j e H {1_7]

X X
Respectively, I, m, N are positive integers and

1 1

|arg 4 |< EQ?Z', |arg u |< EAﬂ'.
The conditions of the validity of these operators are as follow:

(i) 1< p,q<oo,1+1:1
P q

d. f. 1
i) Re| S+rm—=L+rm—=L |>-=,
5j FJ. q
d. f.
Re| f+rn—L+rn— >—£,
0, F, q
j j 1
Rela+rm—+rm— |>——,
5j Fj p

(i) f(x) € L,(0,0).
The last condition ensures that Y and N both exists and also that both belongs to L (0,0).

If we setn, = p, =0, =0, we obtain the operators involving the product of two H -functions.

If we take

K, =1j=12,...,n,),L;=1(j=m,+1...,0,), R, =1(j =1,2,...,n,),S; =1(j =my +1,...,0;) we

obtain the operators involving H -function of two variables.
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I11. Mellin Transform
The Mellin transform of f (t) will be defined by M[ f (t)]. We write S= p ™ +it where P and tare real. If

p>1 f(t) eL,(0,00), then

p=1 M[f(t)]:Tt“f(t)dt (3.1)
p>1, M[f(t)]:l.i.m.JX't“f(t)dt (3.2)

Where |.i.m. denotes the usual limit in the mean for Lp -spaces.

Theorem 1. If

f(x) eL,(0,00),1< p<2for f(x) e M (0,0)and p > 2]|argi|<%Qn,|argy|<%A7z, (Q,A)>0

d; f, 1 d. f. 1
Re| S+rm—2L+rm-L |>—-= Re| f+rm—-2L+rm—L |>—= then
5J. Fj q 5j Fj q

My ,Np: Mg, Ny

{ iﬁif(x)} le+204+292quzq2
Mt
I

-5
aayihy), ( +s m]( 37K ) 373) g gy (8 R (80
b] ﬂJ,Bj) (_ 1+6-s m+n)'(dj’éj)l,mz’(dj’%;Lj)m2+1,q2’( fj,F]) (fj F] SJ)m3+lQS

Where M (0, o0) denotes the class of all functions f (X) of L (0,00)with P> 2 which are inverse Mellin

M[f(x)] (3.3)

transforms of functions of Lq (—o0,0).

Proof: From (2.1), it follows that

M {¥ [jﬁ;f(X)]}:sz‘lrx‘a"ﬁ‘l.x[t‘s(x’—tr)ﬂ f(H| 7 |dtdx

jt f(t)dtjx”fﬂz( ) FOH] 2 Jdx,

The change of order of integration is permissible by virtue of de la Vallee Poisson’s theorem ([2],p.504)under the
conditions stated with the theorems. The theorem readily follows on evaluating the X -integral by means of the
formula

vl S-1Tq &M MaiMpiMgaNy |k gy
Ix A—X)""H p.a:p,.0: 0.0 XK (1)

(aj.;:8), v(civVJ?Kj)l,nzv(Cjvh‘)nzﬂ,pzv(ejij?Ri)1,n3v(ejfj)n3+1,p3 dx
(by 553 i)l,ql’(di 70 N T H D N T N PR YT R

ﬁo nlz 2m2 gy | (2 '“i;AJ)Lpl'(l_“'k)( 175K )1n2 (c; '7i)n2+1,p2'(eJ'EJ3RJ )1‘,13'(61"51 )n3+1‘p3 (3.4)
P26 2P 0P | | (b, ,ﬂj;Bj)lm,(l_a_ﬁ,kn),(d 5 )m2 (dj,(sj;l.j)mzﬂyqz,(fj,Fj)l‘mg,(fj,Fj;sj)mNqa .

Where
dj fj d j f j 1 1
Re|la+k—+k— |>0,Re| f+k—+k— |>0]argA|<=Qur,|arg u|< = Az, (,A) >0,
6j Fj 5J. Fj 2 2
which follows from the definition of the ﬁ -function of two variables and Beta function formula.

In a similar manner, the following theorems can be establisded.
Theorem 2. If

f(x) eL,(0,0),1< p<2for f(x) e M (0,0)and p >2]|arg 1 |<%Q7r,| arg,u|<%A7r,(Q, A)>0

d; f; 1 d, f
Re| B+m—L+m-L |>-= Re|a+pr+m—-=L+rm-L |>-
o F q o F

i j i
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My, Ny:My N,
{ I:Zf; f (X):I} H pl+2 G +2:P2,0: P20
1-as—
(aj Ay )lvpl’( ar s,mj,(cj 757K, )1,n2 ’(cj 7i )nz+1,pz ’(ej EiRy )1,n3’(ej B )n3+1,p3

A
S R IR = O B O I . YR O

MLf(x)]  (3.5)

Theorem 3. If f(X) e L (0,0),g(x) € L,(0,),|arg 1< %Qm arg u|< %An, (Q,A)>0,

d; f, 11 d; f; 1 1

Re| f+rm—L+rm—L |>max| —,= |, Re| Ar+rm—L+rm—L |>0,=+==1then
5, Fj P q S F,— P q

j gAY [ 52 £ (x) |dx = j fFOON[ 325 g(x) Jdx (3.6)

0 0

IV. Formal Properties of the Operators
Here, we give some formal properties of the operators which follow as consequences of the definitions (2.1)
and (2.2).

XY 27 £ () [= N[ 520 £ (9] @)
xIN [ B g (x-l)] Y[ et (x)] (4.2)
XY B;ﬁ;; f (x)] =Y [i X (x)] (4.3)
XIN[ S0 F () [= N[ 5707 x7 £ (x) ] (4.4)
If
Y555 £(X) | =9(x), then
Y[ 505 F(ex) |=9(cx) (4.5)
And if

N[ 27§ (%) | = #(x), then

T (ex) = g(ex) (4.6)

A, X

In conclusion, it is interesting to observe that double integral operators associated with H -function of two
variables can be defined in the same way and their various properties, analogous to the integral operators studied
in this paper can be obtained.
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