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ABSTRACT:- The present study investigates the steady, two dimensional, natural convection flow of
micropolar fluid over a vertical plate with internal heat generation and thermal dispersion in the presence of
viscous dissipation and convective boundary condition. Using the similarity transformations, the governing
equations have been transformed into a system of ordinary differential equations. These differential equations
are highly nonlinear which cannot be solved analytically. Therefore, Runge—Kutta Gill method together with
shooting technique has been used for solving it. Numerical results are obtained for the skin-friction coefficient,
couple wall stress and the local Nusselt number as well as the velocity, microrotation and temperature profiles
for different values of the governing parameters, namely, material parameter, thermal dispersion parameter,
Prandtl number, convective parameter and Eckert number.
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l. INTRODUCTION

The flow of a micropolar fluid with various physical effects has been extensively studied since the last
few decades, after the theory is developed by Eringen ([1], [2]). This theory is capable to explain the complex
fluids behavior such as liquid crystals, polymeric suspensions, animal blood, etc. by taking into account the
effect arising from local structure and micro-motions of the fluid elements. An extensive review of micropolar
fluids and their applications has been done by Ariman et al. [3]. Yacob et al. [4] investigated the boundary layer
flow of non-Newtonian micropolar fluid past a vertical plate in the presence of wall heat flux using Keller-Box
method. Rees and Basson [5] both are investigated the similarity transformation for blasius boundary layer flow
of micropolar fluid over a flat plate. The transverse curvature effects on axisymmetric free convection boundary
layer flow of a micropolar fluid past vertical cylinders are investigated by Gorla and Takhar [6]. Ishak et al. [7]
discussed the boundary layer flow of magnetohydrodynamic micropolar fluid past a wedge with constant wall
heat flux and they concluded that micropolar fluids display drag reduction and consequently reduce the heat
transfer rate at the surface, compare to the Newtonian fluids. Na and Pop [8] investigated the boundary layer
flow of micropolar fluid over a continuously moving surface. Lakshmi Narayana and Gangadhar [9]
investigated the unsteady boundary layer flow magnetohydrodynamic micropolar fluid past a stretching surface.

In the view of the above said possible applications, many authors have reported the importance of
thermal and solutal dispersion effects along a vertical plate on fluid flow, heat and mass characteristics in a fluid
medium. A detailed analysis regarding the effect of double dispersion on mixed convection heat and mass
transfer in non-Darcy porous medium, one can refer the works of Murthy [10]. Ram Reddy [11] studied the
double dispersion effects on convective flow over a cone. He concluded that the skin-friction, heat and mass
transfer rates increase with the increasing the values of thermal dispersion parameter. Kumari et al. [12]
investigated the laminar boundary layer flow on non-Newtonian fluids with thermal dispersion effect.
Kuznetsov and Xiong [13] have been numerically investigated the effect of thermal dispersion on forced
convection in a circular duct partly filled with a Brinkman — Forchheimer porous medium. The effects of double
dispersion and chemical reaction on non-Darcy free convection heat and mass transfer in a semi infinite
incompressible vertical wall in a fluid saturated porous medium is investigated by EI-Amin et al [14].Lakshmi
narayana and Sibanda [15] studied the effects of magnetic field, thermal dispersion and soret effect on double
dissipative mixed convection along a vertical flat plate in a fluid saturated non-Darcy porous medium.
The heat source/sink effects in thermal convection are significant where there may exist high temperature
differences between the surface (e.g. space craft body) and the ambient fluid. Heat generation is also important
in the context of exothermic or endothermic chemical reaction. El-Hakiem [16] investigated the similarity
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solution of boundary layer flow of a micropolar fluid along an isothermal vertical plate with an exponentially
decaying heat generation and thermal dispersion. Gorla and Takhar [17] numerically investigated the two
dimensional boundary layer convective flow of an incompressible micropolar fluid on rotating adiabatic
axisymmetric surface with a concentrated heat source located at the strip. Ranga Rao et al. [18] studied the
MHD boundary layer flow of heat and mass transfer over a nonlinear stretching sheet and they considered the
heat source or sink effect. Gangadhar [19] investigated the similarity solution for natural convective boundary
layer flow through a moving vertical plate with internal heat generation and viscous dissipation. He concluded
that both velocity and thermal boundary layer thickness increases with an increasing the values of internal heat
generation parameter. In another study Gangadhar [20] studied the heat generation effect on MHD boundary
layer flow of Blasius and Sakiadis flows with convective surface boundary condition. Variable suction and heat
generation effects on MHD boundary layer flow of a moving vertical plate are studied by Rushi Kumar and
Gangadhar [21]. Pal and Mandal [22] investigated the combined convection on a boundary layer flow over a
vertical flat plate embedded in a porous medium of variable viscosity with radiation and heat source or sink
effect. They were concluded that momentum and thermal boundary layer thickness increases with radiation and
decrease with increase in the Prandtl number. Soid and Ishak [23] investigated the flow and heat transfer
analysis on boundary layer flow of a nanofluid past a moving surface with internal heat generation. Pillai et al.
[24] investigated the boundary layer flow of viscoelasic fluid and heat transfer analysis in a saturated porous
medium past an impermeable stretching surface with fractional heating and internal heat generation or
absorption. Basiri Prasad et al. [25] investigated the laminar boundary layer flow past stretching surface with
MHD and internal heat generation or absorption effects. Makinde and Sibanda [26] studied the internal heat
generation and ehemical reaction effects on boundary layer flow past a vertical stretching surface. They
concluded that both the velocity and temperature profiles are increase significantly with the heat generation
parameter increases.

The present study investigates the steady, two dimensional, natural convection flow of a micropolar
fluid over a vertical plate with thermal dispersion and internal heat generation in the presence of viscous
dissipation and convective boundary condition. Using the similarity transformations, the governing equations
have been transformed into a set of ordinary differential equations, which are nonlinear and cannot be solved
analytically, therefore, Runge—Kutta Gill method together with shooting technique has been used for solving it.
The results for velocity and temperature functions are carried out for the wide range of important parameters
namely; namely, material parameter, thermal dispersion parameter, Prandtl number, convective parameter and
Eckert number. The skin friction, the couple wall stress and the rate of heat transfer have also been computed.

1. MATHEMATICAL FORMULATION
Consider a natural convection flow of an incompressible micropolar fluid over a vertical plate. By
taking x to be along the plate in the vertical direction and y perpendicular to the plate.
Under the above assumptions, the partial differential equations and the corresponding boundary
conditions govern the problem are given by:
Continuity equation

ou ov
—+ — =0 (21)
ox oy
Momentum equation
ou ou k) olu x ON
U—+Vv—=|v+—|—+g*p(T -T )+ —— (2.2)
ox  ay p ) oy p oy

Angular momentum equation
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Energy equation
2

oT oT 0 oT v (du
Uu—+v—=—a, — |+q""+ —| — (2.4)
y
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The boundary conditions are
oT
u=u, (x)v=0N=0-k—=h (T, -T) at y=0
oy
u—> 0N —>0T->T, as y o> o (2.5)
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where u and v are the velocity components along the x- and y-axes, respectively, h; is the convective heat
transfer coefficient, N is the angular velocity, g * is the acceleration due to gravity, g is the coefficient of

thermal expansion, « is the vertex viscosity, y is the spin gradient viscosity, j is the microinertia per unit mass,
p is the density of the fluid, v is the kinematic coefficient of viscosity, T is the temperature of the fluid, T is

the surface temperature, T, is the ambient temperature, «  is the effective thermal diffusivity and defined as
= y,du (2.6)

The thermal dispersion is introduced by assuming the effective thermal diffusivity « , to have two components:

a, =a+a,,a

y d

o the molecular diffusivity and « , is the diffusivity due to thermal dispersion. Where y, is the dispersion

coefficientand d is the polar diameter.
The governing Egs. (2.2) - (2.4) subject to the boundary conditions (2.5) can be expressed in a simpler
form by introducing the following transformation:

rer, 1" yrer 1" avler 17" T-T,
v (x,y) = 4vf () === Ny)=—]— 9(m)o@n)=—"- (27)
Lo ] e L] T, T,
. L . . . . oy oy
where 7 is the similarity variable and y is the stream function defined as u=—— and V=-——,
y oX
which identically satisfies Eq. (2.1).
The volumetric heat generation must be of the form:
a(T, -T)ler, 1"
qru — f ” L e n (2.8)
X 4 J

Employing the similarity variables (2.7) and (2.8), Egs. (2.2) and (2.4) reduce to the following ordinary
differential equations:

(L+K)f"+Kg +3ff"-2f2+0=0 (2.9)
Ag"-KB (2g+ f")- fg+3fg’'=0 (2.10)
(1+Sf)0"+S0F"+Ce " +3Pr f0'+Pr Ecf"? =0 (2.12)

The boundary conditions become,
f(0)=0,f'(0)=0,9(0)=0,0'(0)=-Bi (L-6(0))
f'(0)=0,g(0)=0,0(0)=0 (2.12)
Here primes denote differentiation with respect to n.

Prandtl number Pr, material parameters 4, B, K and thermal dispersion parameter S, Eckert number Ec
and convective parameter Bi defined respectively as

-1/2
v k K x> [ Gr
Pr=—g=—K=—1=-— ,Es:—_r |
a pc, pv pU ] i L 4 J
(2.13)
1/2 2 1/4
4yd [ Gr ] u, ) xh [Gr ] Gr (T, -T,)
S = —— JEc = ——"—— Bi - —X [ C= =2
ax L 4 J cp(Tf -T,) k L 4 J X

Where (C = 1with heat generation, C = 0 without heat generation)
The exponential decaying heat generation model can be used in mixtures where a radioactive material
is surrounded by inert alloys and has been used to model electromagnetic heating of materials (Sahin [27]).
The average Nusselt number along a plate of length L can be determined by:
1/4

476Gr ]
Nu, =-— 0'(0) (2.14)
3l 4 |

1. SOLUTION OF THE PROBLEM
For solving Egs. (2.9) — (2.11), a step by step integration method i.e. Runge—Kutta method has been
applied. For carrying in the numerical integration, the equations are reduced to a set of first order differential
equation. For performing this we make the following substitutions:
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y,=f,y,=1%,y,=1t"y,=h,y,=h",y, =0,y,=0'
-1

0

Y =

[72y2+Ky +3y,y +y]
1+K 2 5 173 6

1
Vo= KB 2y, + )+ Y.y - 30,y ]

-1
y,'= [Sy3y7+3Pr y,y, + Ec Pr y:]
1+8y,

y,(0)=0,y,(0)=0,y,(0)=0,y,(0) = -Bi (1-y,(0))

y,(0)=0,y,(0)=0,y,(0)=0
In order to carry out the step by step integration of Egs. Refspsegn 2.7-2.9, Gills procedures as given in
Ralston and Wilf [28] have been used. To start the integration it is necessary to provide all the values of

Y. ¥, Ys ¥, at 7 =0 from which point, the forward integration has been carried out but from the boundary

conditions it is seen that the values of y_, y, are not known. So we are to provide such values of y_, y, along
with the known values of the other function at 5 = 0as would satisfy the boundary conditions as
n — oo (7 =10)to a prescribed accuracy after step by step integrations are performed. Since the values of
y,. ¥, Which are supplied are merely rough values, some corrections have to be made in these values in order

that the boundary conditions to » — oo are satisfied. These corrections in the values of y_, y_are taken care

of by a self-iterative procedure which can for convenience be called ‘‘Corrective procedure’’. This procedure
has been taken care of by the software which has been used to implement R—K method with shooting technique.

As regards the error, local error for the 4th order R—K method is o (hs) ; the global error would be

o) (h“ ) The method is computationally more efficient than the other methods. In our work, the step size

h = 0.01. Therefore, the accuracy of computation and the convergence criteria are evident. By reducing the
step size better result is not expected due to more computational steps vis-a” -vis accumulation of error.

V. RESULTS AND DISCUSSION

The governing equations (2.9) - (2.11) subject to the boundary conditions (2.12) are integrated as
described in section 3. In order to get a clear insight of the physical problem, the velocity, micro-rotation and
temperature have been discussed by assigning numerical values to the parameters encountered in the problem.

Figures 1-6, shows that the behaviour of velocity, microrotation and temperature distributions for
various values of Prandtl number Pr, thermal dispersion parameter S and material parameter K for fixed Ec =
0.1,Bi=0.2,B=0.5and 4 = 0.5. Figures 1-3 are for fluid without the exponentially decaying heat generation
them, while figures 4-6 include the heat generation. The effect of the internal heat generation and thermal
dispersion are especially pronounced in the low Prandtl number case. The similarity velocity is grater when
thermal dispersion and internal heat generation exists. In figure (1, 4) the location of the maximum velocity
occurs at roughly the same value of n for Pr < 1. For Pr > 1 the location of the maximum velocity occurs at a
later distance from the plate, indicating the influence of the increased velocity. The temperature within the
boundary layer exceeds the wall temperature in the presence of thermal dispersion and internal heat generation.
We observed that the microrotation changes sign from negative to positive value within the boundary layer. The
velocity and magnitude of mocrorotation and temperature profiles increases with an increase of thermal
dispersion and internal heat generation.

Figures 7-12 depicts the effects of Eckert number and convective parameter on velocity, microrotation

and temperature distributions for fixed 2 = 0.5,B = 0.5,K =0.1,S = 0.1,Pr = 0.7 . Figures 7-9 are for a

fluid without the exponentially decaying heat generation them, while figures 10-12 include the heat generation.
It is observed that from figures 7-9, the velocity, magnitude of microrotation and temperature profiles are
increases with the increasing the values of convective parameter Bi and Eckert number Ec. But figures 10-12,
i.e. in the presence of internal heat generation, the velocity, magnitude of microrotation, temperature
distributions are significantly increases for increase in Eckert number Ec where as the velocity, magnitude of
microrotation, temperature distributions are significantly decreases for increase in convective parameter Bi. The
velocity, magnitude of microrotation, temperature distributions are significantly increases in the presence of
internal heat generation.
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Tablel shows that the present results perfect agreement to the previously published data. From tables 2
and 3, calculated for the values of magnitude of skin-friction coefficient, wall couple stress and local Nusselt
number for different values of material parameters K, Prandtl number Pr, thermal dispersion parameter S, Eckert
number Ec and convective parameter Bi. From table 2 for a fluid without exponentially decaying internal heat
generation and from table 3 including with internal heat generation. From the data in table 2 and 3, it is observed
that the magnitude of skin friction coefficient increases with an increase in Eckert number Ec and convective
parameter Bi. But the skin friction coefficient decreases for increase the values in material parameter K, Prandtl
number Pr and thermal dispersion parameter S. From the values in tables 2 and 3, it is noticed that the wall
couple stress increases with an increase in material parameter K, thermal dispersion parameter S, Eckert number
Ec and convective parameter Bi where as the wall couple stress decreases for increase in Prandtl number Pr.
From the data in tables 2 and 3, it is noticed that the local nusselt number increases with an increase in Prandtl
number Pr, thermal dispersion parameter S, convective parameter Bi, whereas the local nusselt number
decreases for increase in material parameter K and Eckert number Ec. From the data in tables 2 and 3, it is
noticed that the magnitude of skin-friction coefficient, wall couple stress and local Nusselt number are increased
in the presence of internal heat generation.

V. CONCLUSIONS

In the present paper, steady, two dimensional, natural convection flow of a micropolar fluid over a
vertical plate with thermal dispersion and internal heat generation in the presence of viscous dissipation and
convective boundary condition is studied. The governing equations are approximated to a system of non-linear
ordinary differential equations by similarity transformation. Numerical calculations are carried out for various
values of the dimensionless parameters of the problem. It has been found that the presence of thermal dispersion
and internal heat generation lead to increase the flow, and in some cases, especially for fluid with Pr < 1. We
note that material parameter K increases the velocity and temperature profiles in the presence of heat generation.
The microrotation profiles changes the sign from negative to positive values within the boundary layer. The
magnitude of microrotation profiles increases with an increase in material parameter in the presence of internal
heat generation. The velocity, magnitude of microrotation and temperature profiles are increased in Bi in the
absence of internal heat generation. The magnitude of skin-friction coefficient and wall couple stress are
increased for Ec and the local Nusselt number decreased in Ec.
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Fig.2 Microrotation for various values of Pr, K and S for C=0 when Ec = 0.1, Bi=0.2, B =0.5, 2=0.5.
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Fig.6 Temperature for various values of Pr, K and S for C=1 when Ec = 0.1, Bi=0.2, B =0.5, 2=0.5.
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Fig.8 Microrotation for various values of Bi and Ec for C=0 when Pr = 0.7, $=0.1, K =0.1, B =0.5, 2=0.5.
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Fig.10 Velocity for different values of Bi and Ec for C=1 when Pr =0.7, S=0.1, K =0.1, B =0.5, A=0.5.
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Fig.11 Microrotation for various values of Bi and Ec for C=1 when Pr =0.7, S=0.1, K =0.1, B =0.5, 2=0.5.

——Bi=02,Ec=0.1
""" Bi=0.2,Ec=2.0
.......... Bi = 02,Ec=4.0 [
—Bi=10,Ec=01
""" Bi=15Ec=01
.......... Bi = 2.0, EC = 0.1 H

6 (n)

5 6 7 8 9 10

Fig.12 Temperature for different values of Bi and Ec for C=1 when Pr =0.7, S=0.1, K =0.1, B =0.5, 2=0.5.
Table 1. Comparison for the values of f "(0) for the values of K, S when Pr=0.01,B=0.1, 4 = 0.5, Bi=Ec

=0.0.
K S f "(0)
Present study Haroun et al.
(2015)

0.5 0.0 1.02947 1.018034
0.5 0.5 1.01117 1.000084
0.5 1.0 0.99763 0.986730
15 0.0 0.79219 0.781238
15 0.5 0.77916 0.768414
1.5 1.0 0.76925 0.758578
5.0 0.0 0.48499 0.475493
5.0 0.5 0.47857 0.469028
5.0 1.0 0.47338 0.463766

Table 2. Computations for the values of f ''(0),—g'(0),-6'(0) for the values of K ,Pr, B,S,Ec,Bi when
A=05C=0.
| C=0 |
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K Pr | B S Ec | Bi f''(0) - g'(0) - 6'(0)

01 (2 |05 |01 |01 |01 |0.1483215679 0.0048851460 0.0819350026
02 (2 |05|01 |01 |01 |0.1412231500 0.0099299011 0.0817651220
03 (2 |05 |01 |01 |01 |0.1344802291 0.0147391737 0.0816079245
04 (2 |05 |01 |01 |01 |0.1284344463 0.0191937869 0.0814615912
05 (2 |05 |01 |01 |01 |0.1229741353 0.0232727620 0.0813246937
01 |3 |05 (01 |01 |01 |0.1294641418 0.0041199272 0.0834420657
014 |05 (01 |01 |01 |0.1171382989 0.0036480569 0.0844178997
01 (5 |05 |01 |01 |01 |0.1083194296 0.0033181062 0.0851268977
01 (7 |05 |01 |01 |01 |0.0961558661 0.0028735905 0.0861242725
01 (10 |05 |01 [ 0.1 | 0.1 | 0.0846305379 0.0024636060 0.0870966990
01 |2 |1 0.1 | 0.1 | 0.1 | 0.1487895473 0.0101353457 0.0819373281
01 (2 |2 0.1 [ 0.1 |01 |0.1486967064 0.0205447357 0.0819410617
012 |3 0.1 [ 0.1 | 0.1 |0.1485998418 0.0303808757 0.0819440645
01 (2 |4 0.1 { 0.1 | 0.1 | 0.1485095871 0.0395898168 0.0819466035
01 (2 |5 0.1 [ 0.1 | 0.1 |0.1484276155 0.0482348008 0.0819488126
01 (2 |05 |02 |01 |01 |0.1486437905 0.0048879410 0.0819815098
01 (2 |05|03 |01 |01 |0.1484671828 0.0048907083 0.0820276176
012 |05 |04 |01 |01 |0.1482917323 0.0048934483 0.0820733314
01 {2 |05 |05 |01 |01 |0.1481174262 0.0048961613 0.0821186568
01 |2 |05 (06 [01 |01 |0.1479442524 0.0048988477 0.0821635990
012 |05 |01 |02 |01 |0.1504301392 0.0049252702 0.0817238164
01 (2 |05 |01 |03 |01 |0.1520913922 0.0049664756 0.0815047696
01 (2 |05 |01 |04 |01 |0.1538081903 0.0050088156 0.0812773995
01 (2 |05 |01 |05 |01 |0.1555836173 0.0050523472 0.0810412056
01 (2 |05 |01 |06 |01 |0.1574209997 0.0050971318 0.0807956457
01 (2 |05 |01 |01 0.2 |0.2082101503 0.0060369857 0.1434794504
01 (2 |05 |01 |01 |0.3 |0.2484637075 0.0067505212 0.1927048442
01 (2 |05 |01 |01 |04 |0.2786392390 0.0072587627 0.2333347909
012 |05 |01 |01 |05 |0.3024724827 0.0076466201 0.2675955040
01 ]2 |05 01 |01 |0.6 |0.3219348919 0.0079554810 0.2969548612

Table 3. Computations for the values of f''(0),—g'(0),-8'(0) for the values of K ,Pr, B,S, Ec, Bi
A=05C=1.
c=1

K Pr | B S Ec | Bi f(0) - g'(0) -0'(0)

01 |2 05 (01 |01 |01 | 05657554178 0.0133444938 0.0180287283
02 |2 05 (01 |01 |01 | 05385934189 0.0267872847 0.0170629673
03 |2 05 (01 |01 |01 | 05146340779 0.0400168496 0.0161512832
04 |2 05 [ 0.1 |01 |01 | 04932473345 0.0528425804 0.0152884972
05 |2 05 |01 |01 |01 | 04739751454 0.0651537463 0.0144699655
01 (3 |05 |01 |01 |01 |0.4844923921 0.0112424541 0.0279083077
01 (4 |05 |01 |01 |01 |0.4335355218 0.0099492332 0.0341049618
01 (5 |05 |01 |01 |0.1 |0.3974805220 0.0090480442 0.0385017635
01 |7 05 [ 01 | 0.1 |01 |0.3483413246 0.0078407170 0.0445281860
0.1 {10 |05 | 0.1 | 0.1 | 0.1 |0.3024587202 0.0067374757 0.0502149986
01 |2 1 0.1 [ 01 | 0.1 | 0.5657267701 0.0272993956 0.0180357380
01 |2 2 0.1 [ 0.1 | 0.1 | 0.5656058222 0.0559752872 0.0180484279
01 |2 3 0.1 [ 0.1 | 0.1 | 0.5654402406 0.0847251199 0.0180596994
01 (2 |4 0.1 [ 0.1 | 0.1 | 0.5652558638 0.1129948611 0.0180698516
01 |2 5 0.1 [ 0.1 | 0.1 | 0.5650656583 0.1405527407 0.0180790938
01 |2 05 (02 |01 |01 | 05641017477 0.0133522838 0.0185385980
01 |2 05 [ 03 |01 |0.1 | 05624806850 0.0133598963 0.0190362957
01 |2 05 (04 |01 |01 | 05608910770 0.0133673374 0.0195223113
01 |2 05 |05 |01 |01 | 05593318287 0.0133746131 0.0199971075

when
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[1]
[2]

[3]
[4]
[5]
[6]
[7]

8]
[9]
[10]
[11]

[12]

[13]

[14]

[15]

[16]
[17]

[18]

[19]

012 |05 |06 |01 |01 |0.5578018990 0.0133817290 0.0204611214
01 (2 |05 |01 (02|01 |0.5729912159 0.0134457473 0.0164934736
01 (2 |05 |01 |03 |01 |0.5804662184 0.0135498165 0.0148997112
01 (2 |05 |01 |04 |01 |0.5881935706 0.0136568441 0.0132439590
01 (2 |05 |01 |05 |01 |0.5961874478 0.0137669836 0.0115224468
01 (2 |05 |01 |06 |01 |0.6044631611 0.0138804001 0.0097310850
01 (2 |05 |01 |01 |0.2 |0.5720570450 0.0134172420 0.0327646459
012 |05 (01 |01 |03 |0.5772757296 0.0134773436 0.0450447559
012 |05 (01 (01 |04 |0.5816713144 0.0135278652 0.0554417238
0112 |05 |01 |01 |05 |0.5854259671 0.0135709477 0.0643614860
012 |05 ]01 |01 |06 |0.5886713948 0.0136081337 0.0721002639
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