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ABSTRACT:-   In this paper, numerical analysis has been carried out on the problem of 

magnetohydrodynamic (MHD) mixed convection flow of a Casson nanofluid past a nonlinear permeable 

stretching sheet with viscous dissipation in the presence of double stratification, joule heating. The governing 

partial differential equations are transformed into a system of ordinary differential equations using suitable 

similarity transformations. The resultant ordinary differential equations are then solved numerically by bvp 4c 

Matlab software. Effects of the physical parameters on the velocity, temperature and concentration profiles as 

well as the local skin friction coefficient, the heat and mass transfer rates are depicted in tabular form and 

discussed. The results indicate that the local Nusselt number decreases with an increase in both Brownian 

motion parameter Nb and the thermophoresis parameter Nt. However, the local Sherwood number increases with 

an increase in Brownian motion parameter Nb. But it decreases as the values of Nt increases. Besides it is found 

that the surface temperature of sheet increases with an increase in the heat generation (Q>0) or absorption 

parameter (Q<0). Comparison of present results with previously reported results has been found in excellent 

agreement. 

 

Keywords: Nonlinear permeable stretching sheet, MHD, Joule heating, Casson  nanofluid , double 

stratification. 

 

 

I. INTRODUCTION 
 Theoretical studies of viscous incompressible flows over continuous moving or stretching surfaces 

through an otherwise quiescent fluid have their origins in the pioneering work of Sakiadis [1, 2] and Crane [3]. 

These types of flows occur in many industrial processes, such as in glass fiber production and plastic extrusion. 

Other often mentioned metallurgical processes that are modelled by stretching surfaces include hot rolling, 

spinning of fibers, and wire drawing (see [4–7]). Thermophoresis is a phenomenon which causes small particles 

to be driven away from a hot surface and towards a cold one. The force experienced by a small aerosol particle 

in the presence of a temperature gradient is known as the thermophoretic force. Motion of particles under such a 

force is known as thermophoresis. Thermophoresis is an important mechanism of micro-particle transport due to 

a temperature gradient in the surrounding medium and has found numerous applications, especially in the field 

of aerosol technology. The numerical simulations revealed many interesting results for both differentially 

heated cubic cavity and the Rayleigh Benard convection in the shallow cylinder. Both numerical and 

experimental investigations have been conducted by Bednarz et al. (2005, 2006, 2009, 2010). The authors have 

shown how to enhance or suppress heat transfer by placing the magnet at various positions of the enclosure. 

Magnetite nanofluids consist of colloidal magnetite nanoparticles suspended in a base fluid. The main interest in 

using nanofluids in thermal engineering systems is that their enhanced thermophysical properties (such as 

thermal conductivity), relative to the base fluid, can improve thermal management in the system. In a typical 

nanofluid, the nanoparticles are uniformly dispersed. In a solution of magnetic nanoparticles, however, the 

particles can be controlled using an external magnetic field, which enhances their thermal conductivity. 

Nanofluid is a new type of heat transfer fluid which contains a base fluid and nanoparticles. The term nanofluid 

was proposed by Choi [8]. The boundary layer flow and heat transfer over a permeable stretching sheet due to a 

nanofluid with the effect of magnetic field, slip boundary condition and thermal radiation have been investigated 

by Ibrahim and Shankar [9] where they concluded that the local Nusselt number decreases with an increase in 

both Brownian motion parameter Nb and thermophoresis parameter Nt. However, the local Sherwood number 

increases with an increase in both thermophoresis parameter Nt and Lewis number Le, but it decreases as the 
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values of Nb increase. Khan et al. [10] studied the combined effects of  Navier slip and magnetic field on 

boundary layer flow with heat and mass transfer of  water-based nanofluid containing gyrotactic 

microorganisms over a vertical plate and they concluded that the magnetic field suppresses the dimensionless 

velocity and increases the dimensionless temperature inside the boundary layers. Lakshminarayana and 

Gangadhar [11] concluded that the temperature and mass volume friction increases in the presence of 

thermophoresis parameter and the temperature increases while the mass volume friction decreases in the 

presence of Brownian motion parameter. Mabood et al. [12] investigated the effect of viscous dissipation on a 

laminar boundary layer flow with heat and mass transfer of an electrically conducting water based nanofluid 

over a nonlinear stretching sheet. They concluded that the dimensionless velocity decreases and temperature 

increases with magnetic parameter and the thermal boundary layer thickness increases with Brownian motion 

and thermophoresis parameters. Hayata et al. [13] investigated the magneto-hydrodynamic flow of nanofluids 

over an exponentially stretching sheet in a porous medium with convective boundary conditions and they 

concluded that an increase in the values of magnetic parameter have similar effects on the velocity profile in a 

qualitative sense and the temperature profile increases by increasing magnetic parameter values. Rizwan Ul Haq 

[14] investigated the stagnation point flow of nanofluid with magneto-hydrodynamics (MHD) and thermal 

radiation effects passed over a stretching sheet. Mustafa et al. [15] investigated the effect of MHD on non-

Newtonian nanofluid past a stretching sheet under convective surface boundary condition. Bhattacharyya and 

Layek [16] investigated the magnetohydrodynamic boundary layer flow of nanofluid over an exponentially 

stretching permeable sheet and the concluded that magnetic field makes enhancement in temperature and 

nanoparticle volume fraction. Krishnamurthy et al. [17] investigated the effect of viscous dissipation on 

hydromagnetic fluid flow and heat transfer of nanofluid over an exponentially stretching sheet with fluid-

particle suspension. Anwar et al. [18] studied the radiation effect on MHD stagnation-point flow of a nanofluid 

over an exponentially stretching sheet. Motsa and Sibanda [19] investigated the effect of MHD flow over a 

nonlinear stretching sheet by an efficient semi-analytical technique.In order to obtain a thorough cognition of 

non-Newtonian fluids and their various applications, it is necessary to study their flow behaviours. Due to their 

application in industry and technology, few problems in fluid mechanics have enjoyed the attention that has 

been accorded to the flow which involves non-Newtonian fluids. It is well known that mechanics of non- 

Newtonian fluids present a special challenge to engineers, physicists and mathematicians. The non-linearity can 

manifest itself in a variety of ways in many fields, such as food, drilling operations and bio-engineering. The 

Navier–Stokes theory is inadequate for such fluids, and no single constitutive equation is available in the 

literature which exhibits the properties of all fluids. Because of the complexity of these fluids, there is not a 

single constitutive equation which exhibits all properties of such non-Newtonian fluids. Thus, a number of non-

Newtonian fluid models have been proposed. In the literature, the vast majority of non-Newtonian fluid models 

are concernedwith simple models like the power law and grade two or three [20-26]. These simple fluid models 

have shortcomings that render to results not having accordance with fluid flows in the reality. Casson fluid is 

another fluid model for non-Newtonian fluid. In the literature, the Casson fluid model is sometimes stated to fit 

rheological data better than general viscoplastic models for many materials [27, 28]. Examples of Casson fluid 

include jelly, tomato sauce, honey, soup and concentrated fruit juices, etc. Human blood can also be treated as 

Casson fluid. Due to the presence of several substances like, protein, fibrinogen and globulin in aqueous base 

plasma, human red blood cells can form a chainlike structure, known as aggregate or rouleaux. If the rouleaux 

behaves like a plastic solid, then there exists a yield stress that can be identified with the constant yield stress in 

Casson‟s fluid [29-31]. The non-linear Casson‟s constitutive equation has been found to describe accurately the 

flow curves of suspensions of pigments in lithographic varnishes used for preparation of printing inks [32] and 

silicon suspensions [33]. The shear stress–shear rate relation given by Casson satisfactorily describes the 

properties of many polymers [34] over a wide range of shear rates. Casson fluid can be defined as a shear 

thinning liquid which is assumed to have an infinite viscosity at zero rate of shear, a yield stress below which no 

flow occurs, and a zero viscosity at an infinite rate of shear [35]. Mukhopadhyay et al. [36] investigated Casson 

fluid flow over an unsteady stretching surface and they concluded that the effect of increasing values of the 

Casson parameter is to suppress the velocity field, whereas the temperature is enhanced with increasing Casson 

parameter. Nadeem et al. [37] studied MHD three dimensional Casson fluid flow past a porous linearly 

stretching sheet. In another study, Nadeem et al. [38] examined the MHD three dimensional boundary layer flow 

of Casson nanofluid past a linearly stretching sheet with convective boundary condition where concluded that 

the reduced Nusselt number is the decreasing function and the reduced Sherwood number is the function 

Brownian parameter Nb and thermophoresis parameter Nt.Stratification of fluid arises due to temperature 

variations, concentration differences, or the presence of different fluids. In practical situations where the heat 

and mass transfer mechanisms run parallel, it is interesting to analyze the effect of double stratification 

(stratification of medium with respect to thermal and concentration fields) on the convective transport in 

micropolar fluid. The analysis of free convection in a doubly stratified medium is a fundamentally interesting 

and important problem because of its broad range of engineering applications. These applications include heat 
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rejection into the environment such as lakes, rivers, and seas; thermal energy storage systems such as solar 

ponds; and heat transfer from thermal sources such as the condensers of power plants. Although the effect of 

stratification of the medium on the heat removal process in a fluid is important, very little work has been 

reported in literature [39-42]. Srinivasacharya and Upendar [43] considered the flow and heat and mass transfer 

characteristics of the free convection on a vertical plate with variable wall temperature and concentration in a 

doubly stratified micropolar fluid where they concluded that an increase in thermal (solutal) stratification 

parameter reduces the velocity, temperature (concentration), skin friction, heat and mass transfer rates but 

enhance the concentration (temperature) and wall couple stress. Motivated by the above investigations the 

present paper, numerical analysis has been carried out on the problem of magnetohydrodynamic (MHD) mixed 

convection flow of a Casson nanofluid past a nonlinear permeable stretching sheet with viscous dissipation in 

the presence of double stratification and heat generation or absorption. The governing partial differential 

equations are transformed into a system of ordinary differential equations using suitable similarity 

transformations. The resultant ordinary differential equations are then solved numerically through computer 

software. Effects of the physical parameters on the velocity, temperature and concentration profiles as well as 

the local skin friction coefficient, the heat and mass transfer rates are depicted in tabular form and discussed. 

 

II. MATHEMATICAL FORMULATION 
               Let us consider the two dimensional steady incompressible flow of a Casson nanofluid induced by a 

nonlinearly stretching sheet which is placed at y=0. The flow is confined to y >0. By keeping the origin is fixed 

and sheet is stretched with nonlinear velocity
n

w
u a x  , where a is positive constant, n>0 for an accelerated 

sheet and n<0 for a decelerated sheet. The stretching sheet is assumed to be coinciding with the x − axes while 

the y − axis is perpendicular to the plane of the sheet. The surface is maintained at temperature  w
T x  and 

concentration  w
C x . The temperature and the mass concentration of the ambient medium are assumed to be 

linearly stratified in the form  
2

, 0 1
T x T A x

 
   and  

2

, 0 1
C x C B x

 
   respectively, where 

1
A  and 

1
B  are constants and varied to alter the intensity of stratification in the medium and 

, 0
T


 and 

, 0
C


 are the 

beginning ambient temperature and nanoparticle volume fraction at 0x   respectively. 

The rheological equation of state for an isotropic flow of a Casson fluid (Eldabe and Salwa [14] can be 

expressed as 
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where 𝜇𝐵 is plastic dynamic viscosity of the non-Newtonian fluid, 𝑝𝑦 is the yield stress of fluid, 𝜋 is the product 

of the component of deformation rate with itself, namely, 𝜋 = 𝑒𝑖𝑗𝑒𝑖𝑗, 𝑒𝑖𝑗 is the (𝑖, 𝑗)th
 component of the 

deformation rate, and 𝜋𝑐 is critical value of 𝜋 based on non-Newtonian model. A magnetic field is applied in 

the direction perpendicular to the sheet with varying strength as a function of x. The flow region is exposed 

under uniform transverse magnetics fields 𝐵   = (0, B(x), 0) and uniform electric field 𝐸  =   (0, 0, −𝐸0). Since 

such imposition of electric and magnetic fields stabilizes the boundary layer flow. It is assumed that the flow is 

generated by stretching of an elastic boundary sheet from a slit by imposing two equal and opposite forces in 

such a way that velocity of the boundary sheet is of linear order of the flow direction. We know from Maxwell‟s 

equation that ∇. 𝐵  =0 and ∇. 𝐸  = 0 . When magnetic field is not so strong then electric field and magnetic field 

obey Ohm‟s Law 𝐽 = 𝜎(𝐸  + 𝑞 × 𝐵  ) , where is the Joule current, 𝜎is the magnetic permeability and 𝑞 is the fluid 

velocity. We assume that magnetic Reynolds number of the fluid is small so that induced magnetic field and 

Hall effect may be neglected. We take into account of magnetic field effect as well as electric field in 

momentum and thermal boundary layer equations. By implementing the boundary layer approximations and 

applying the order of magnitude analysis, the governing equations (2.2) to (2.5) are transformed into the 

following equations: 

 

0
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The boundary conditions for velocity, temperature and concentration fields are  

, ,
0 : ,

n

w w w w
y u a x v v T T C C                                                                
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                                     (2.6) 

 

 Where u and v are the velocity component along the x and y axes respectively, 
 

f

k

C



  is the 

thermal diffusivity,  is the kinematic viscosity,  is dynamic viscosity of the fluid, ,
 
  is vortex viscosity, 

is fluid density,  is the Casson fluid parameter,
f

 is the density of  base fluid, g is the acceleration due to 

gravity,
T

 is coefficient of thermal expansion,
C

 is the coefficient of expansion with concentration, 
B

D  is the 

Brownian diffusion coefficient, 
T

D is the thermophoresis diffusion coefficient,
0

Q  is the heat generation or 

absorption coefficient ,      
 

 

p

f

C

C





  is the ratio of  nanoparticle heat capacity and base fluid heat capacity 

,C is the volumetric volume coefficient,
p

  is the density of the particles and c is the rescaled nanoparticl, k p is 

the permeability of the porous medium, σ is the electrical conductivity, B0 is the magnetic field strength,  
p

c is 

the specific heat at constant pressure  and m is the heat flux exponent. We assume that It is noted here that the 

case of uniform surface heat flux corresponds to m = 0. 

Following [15, 16, 17], the strength of the spatially varying magnetic field B(x) is taken as 

 B(x)=B0x
(n−1)/2

              (2.7)  

where B0 is the strength of the magnetic field. 

  

 𝜓(𝑥, 𝑦) is the stream function defined in the usual way as  
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So that the conservation of mass equation (2.2) is automatically satisfied. 

 Now, we introduce the following similarity transformations 
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The dimensionless temperature and concentration are                                                                                                                 
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After the substitution of these transformations (2.7) - (2.11) along with the equations (2.2) – (2.6) the resulting 

non-linear ordinary differential equations are written as follows:
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The corresponding boundary conditions are 
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Where prime denotes differentiation with respect to . The Physical parameters involved in the above equations 
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The quantities of the skin friction coefficient 𝐶𝑓  , the local Nusselt number 𝑁𝑢𝑥  and the local Sherwood number 

𝑆ℎ𝑥  given as follows 
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where k is the thermal conductivity of the nano fluid and ,w m
q q

  are the heat and mass fluxes at the 

surface respectively given by  
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By substituting Euation (2.8) - (2.11) into equations (2.16)-(2.17), we will get 
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 which is called local Reynolds number. 

III. SOLUTION OF THE PROBLEM 
The system of ordinary differential equations (2.12)-(2.14) along with the boundary condition  

(2.15)  are integrated numerically by first choosing initial guess values for (0 ) , ''(0 ) , '(0 )f f   and '( 0 )  to 

match the boundary conditions at  . Matlab bvp4c solver (ref. Shampine and Kierzenka [18]) was used to 

integrate the system of equations. To verify the accuracy of the numerical results, we compared our results with 

those reported by Besthapu and Bandari [19], Mabood et al. [5], Rana and Bhargava [20] as shown in table 1. 

The results are in very good agreement, thus lending confidence to the accuracy of the present results.
 

   

IV. RESULTS AND DISCUSSION 
 In order to get physical understanding, the numerical values of the parameters encountered in the 

problem are valid and there by the velocity, temperature and nanoparticle volume fraction (nanoparticle 

concentration) profiles have been discussed. Graphical illustrations are given to the tabulated numerical results. 

 The controlling parameters are taken as β = 0.5, n=2, Gr = 0.2, Gc = 0.2, Pr = 0.71, Nt = 0.2, Nb = 0.2, 

Ec = 0.5, Le = 2, fw = 1.5, Q = 0.2, 𝜀1 = 0.1 & 𝜀2 = 0.2, discussed the effect of magnetic parameter, the effect of 

magnetic parameter (M) on dimensionless velocity, temperature and nanoparticle volume fraction profiles are 

showed in figures 1(a) and 2(b) respectively. As the increase in magnetic parameter, the non-dimensional 

velocity profile is decreased. This is due to the in introduction of a transverse magnetic field which is normalto 

the flow direction and has a tendency to create the drag known as Lorentz force, tends to resist the flow. Hence, 

as the magnetic parameter increases, there is a decrease in the horizontal velocity profiles (see in fig.1(a)). From 

figure 1(b), we define the thermal energy as the additional force which drags the nanofluid from the influence of 

magnetic field. This additional force increases the thickness of the thermal boundary layer, so that the 

temperature profiles enhances with the rise of magnetic parameter values. From this figure, we have observed 

that as the values of M increases, the volume fraction of nanoparticle distributions is also enriched in the flow 

region. Figures 2(a) and 2(b) illustrate the effect of thermal Grashof number (Gr) on dimensionless velocity, 

temperature and nanoparticle volume fraction profiles. The other parameters are fixed as M=0.5, β = 0.5, n=2, 

Gc = 0.2, Pr = 0.71, Nt = 0.2, Nb = 0.2, Ec = 0.5, Le = 2, fw = 1.5, Q = 0.2, 𝜀1 = 0.1 & 𝜀2 = 0.2. Thermal 

Grashof number represents the ratio of the buoyancy force to the viscous force acting on the fluid. It is observed 

that on increasing the thermal Grashof number, the dimensionless velocity significantly increased. Evidently, 

thickness of thermal and nanoparticle volume fraction boundary layers significantly decrease larger distance 

from the surface as the thermal Grashof number is increased. The effect of solutal Grashof number (Gc) on the 

dimensionless velocity, temperature and concentration fields are depicted in figures 3(a) and 3(b) respectively. 

The other controlling parameters are set to be constant at M=0.5, β = 0.5, n=2, Gr = 0.2, Pr = 0.71, Nt = 0.2, Nb 

= 0.2, Ec = 0.5, Le = 2, fw = 1.5, Q = 0.2, 𝜀1 = 0.1 & 𝜀2 = 0.2. It is observed that as the solutal Grashof number 

increases, the velocity remarkably increases; while the solutal Grashof number increases, the temperature and 

nanoparticle volume fraction distributions are decreased. The other controlling parameters are set to be constant 

at M=0.5, β = 0.5, n=2, Gr = 0.2, Gc = 0.2, Pr = 0.71, Nt = 0.2, Nb = 0.2, Ec = 0.5, Le = 2, Q = 0.2, 𝜀1 =
0.1 & 𝜀2 = 0.2. Figures 4(a) & 4(b) exemplifies the effect of suction or injection parameter (fw) on the 

dimensionless velocity, temperature and concentration distributions respectively. As depicted in figure 4(a), the 

velocity distribution is decreased by suction parameter (f w >0) where as it is increased by injection parameter (f 

w < 0). It is obvious that imposed suction decreases the boundary layer thickness. In other words, imposed 

injection increases the velocity distribution in the boundary layer region. Thus it signifies that injection 

parameter helps the flow to penetrate more into the fluid. Figure 4(b) demonstrate the suction (f w>0) decrease 

the temperature and injection (f w <0) increase the temperature throughout the boundary layer. It can be viewed 

that suction will lead to fast cooling of the surface. This is remarkably important in numerous industrial 

applications. Further, it is noted that the surface receives heat due to injection parameter and from the surface 

for suction. Moreover, it is observed that the temperature increase near the surface due to injection and 

decreases until its value become zero at the outside of the boundary layer. Figure 4(b) demonstrates that suction 

parameter (f w>0) decreases the nanoparticle volume fraction distribution where as injection parameter increases 

it. Figures 5(a) and 5(b) describe the effect of Casson parameter (β) on the dimensionless velocity, 

temperature and concentration profiles. The other controlling parameters are set to be constant at M=0.5, n=2, 

Gr = 0.2, Gc = 0.2, Pr = 0.71, Nt = 0.2, Nb = 0.2, Ec = 0.5, Le = 2, fw = 1.5, Q = 0.2, 𝜀1 = 0.1 & 𝜀2 = 0.2. It is 

noticed that as Casson parameter increases, the non-dimensionless velocity profiles close to the boundary, as 
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𝛽 → ∞,
1

𝛽
→ 0, the fluid becomes Newtonian. It is noticed that the rise in the values of Casson parameter is used 

to dilute the strength of yield stress Py of the Casson fluid which enhances the value of plastic dynamic viscosity 

𝜇𝐵 and causing the resistance in fluid flow. On increasing the Casson parameter is to increase the fluid non-

dimensional temperature and nanoparticle volume fraction profiles is observed. The phenomenon in which the 

particles can diffuse under the effect of a temperature gradient is called thermophoresis. The influence of 

thermophoresis parameter (Nt) on dimensionless temperature and nanoparcle volume fraction profiles can be 

viewed in figure 6 respectively. The other controlling parameters are set to be constant at M=0.5, β = 0.5, n=2, 

Gr = 0.2, Gc = 0.2, Pr = 0.71, Nb = 0.2, Ec = 0.5, Le = 2, fw = 1.5, Q = 0.2, 𝜀1 = 0.1 & 𝜀2 = 0.2. It is observed 

that temperature and nanoparticle volume fraction profiles elevate in the boundary layer region with the higher 

values of thermophoresis parameter (Nt). This is from the reality that particles near the hot surface create 

thermophoretic force; this force enhances the temperature and volume fraction of nanoparticles of the fluid in 

the boundary layer region. The random motion of nanoparticles within the base fluid is called Brownian motion 

which occurs due to the continuous collisions between the nanoparticles and molecules of the base fluid. Figures 

7(a) and 7(b) shows the effects on velocity, temperature and nanoparticle volume fraction profiles for various 

values of Brownian motion parameter (Nb). The effect of Brownian motion parameter Nb are explicated by 

setting the values of other parameters to be constant at M=0.5, β = 0.5, n=2, Gr = 0.2, Gc = 0.2, Pr = 0.71, Nt = 

0.2, Ec = 0.5, Le = 2, fw = 1.5, Q = 0.2, 𝜀1 = 0.1 & 𝜀2 = 0.2. It is noticed that temperature profiles are increased 

when Brownian motion parameter Nb increases. The physics behind the rise in temperature is that the increased 

Brownian motion parameter increases of the thickness of the thermal boundary layer. However, in the case of 

nanoparticle volume fraction, it results in a decrease while Brownian motion parameter is increased away from 

the surface.In order to discuss the influence of thermal stratification parameter(𝜀1), the other parameters are set 

constantly at M=0.5, β = 0.5, n=2, Gr = 0.2, Gc = 0.2, Pr = 0.71, Nt = 0.2, Nb = 0.2, Ec = 0.5, Le = 2, fw = 1.5, 

Q = 0.2 & 𝜀2 = 0.2. From figures 8, it is noted that on increasing thermal stratification parameter, the thermal and 

volume fraction of nanoparticles boundary layers decreases. From this, it is evidently seen that the thermal 

stratification tends to delay the thermal boundary layer flow process. Moreover, it will have some practical 

implications on the heat transfer amplification process.The other parameters are set as M=0.5, β = 0.5, n=2, Gr = 

0.2, Gc = 0.2, Pr = 0.71, Nt = 0.2, Nb = 0.2, Le = 2, fw = 1.5, 𝜀1 = 0.1 & 𝜀2 = 0.2.The influence of Eckert 

number (Ec) and heat generation (Q>0) or absorption (Q<0) parameter on the temperature profiles within the 

boundary layer region is shown in the figure 9. As compared to the case of absence of viscous dissipation, it is 

understood that the temperature profile is increased on increasing the Eckert number. Due to viscous heating, 

the increase in the fluid temperature is enhanced and appreciable for higher values of Eckert number. In other 

words, increasing the Eckert number leads to a coolness of the wall. Consequently, a heat transfer of heat to the 

fluid occurs, which causes a rise in the temperature of a fluid. From figure 9, we can be observed that the effect 

of heat absorption results in a fall of temperature since heat resulting from the wall is observed. Obviously, the 

heat generation leads to an increase in temperature throughout the entire boundary layer. Furthermore, it should 

be noted that for the case of heat generation, the fluid temperature becomes maximum in the fluid layer adjacent 

to the wall rather at the wall. In fact, the heat generation effect not only has the tendency to increase the fluid 

temperature but also increases the thermal boundary layer thickness. Due to heat absorption, it is observed that 

the fluid temperature as well as the thermal boundary layer thickness is decreased. No significance in heat 

distribution is observed among the fluids in the presence of heat absorption. The other parameters are set as 

M=0.5, β = 0.5, n=2, Gr = 0.2, Gc = 0.2, Nt = 0.2, Nb = 0.2, Ec = 0.5, Le = 2, fw = 1.5, Q = 0.2, 𝜀1 = 0.1 & 𝜀2 = 

0.2. The effect of Prandtl number (Pr) on temperature profiles is illustrated in figure 10. It can be observed that 

the temperature profile is decreased on increasing Prandtl number. The ratio between momentum diffusivity and 

thermal diffusivity of the fluid is known as Prandtl number. Physically, Pr = 0.68 refers to Helium, Pr = 0.71 

corresponds to air, Pr = 5.1 refers to water and Pr = 12.3 corresponds to Ethylene Glycol 30%. Increasing 

Prandtl number becomes a key factor to reduce the thickness of the thermal boundary layer. Setting the other 

parameters to be constant as M=0.5, β = 0.5, n=2, Gr = 0.2, Gc = 0.2, Pr = 0.71, Nt = 0.2, Nb = 0.2, Ec = 0.5, fw 

= 1.5, Q = 0.2, 𝜀1 = 0.1. The discussion is now made only by varying the solutal stratification parameter (ε2) 

and Lewis number (Le).The effect for the variation of solutal stratification parameter on the concentration 

profile is exemplified in figure 11. It is confirmed that the concentration distribution is significantly decreased 

while the values of solutal stratification parameter and Lewis number is increased. 

 Table 2 shows that the Skin friction coefficient, Local Nusselt number and Local Sherwood number 

(which are respectively proportional to 
1 1 1

1 ''(0 ) , '(0 ) & '(0 )
2 2

n n
f  



    
      
  

 for different 

values of Casson fluid parameter, non-linear stretching parameter, thermal Grashof number, solutal Grashof 

number, magnetic parameter, Prandtl number, thermophoresis parameter, Brownian motion parameter and 

suction or injection parameter respectively. Increasing the Casson fluid parameter or thermal Grashof number or 
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solutal Grashof number strictly decreases the value of both skin friction coefficient and local Sherwood number 

while local Nusselt number increases. The skin friction coefficient, local Nusselt number and local Sherwood 

numbers are significantly decreased by increasing the non linear stretching parameter and suction or injection 

parameter. On increasing the Brownian motion parameter or magnetic parameter strictly increases the values of 

both skin friction coefficient and local Sherwood number where as local Nusselt number decreased. Moreover, 

the local Nusselt number and local skin friction coefficient are increased on increasing the Prandtl number while 

the local Sherwood number decreases. This signifies that a fluid with larger Pr possess larger heat capacity and 

hence improves the heat transfer. On the other hand, the skin friction coefficient, local Nusselt number and local 

Sherwood number are decreased by increasing the thermophoresis parameter. Table 3 illustrates that the 

effect of  viscous dissipation, Lewis number, heat generation or absorption parameter, thermal stratification 

parameter and solutal stratification parameter on the local skin friction coefficient, local Nusselt number and 

local Sherwood number. It is observed that increasing Eckert number or heat generation or absorption parameter 

significantly decreases the skin friction coefficient and rate of heat transfer whereas rate of mass transfer is 

increased. On increasing the Lewis number, slight decrease in the rate of heat transfer and slight increase in skin 

friction coefficient and mass transfer rate are observed. When thermal stratification number is increased, skin 

friction coefficient is significantly increased and a decrease in the rate of heat and mass transfer can be noticed. 

The skin friction coefficient heat transfer rate is increased but mass transfer rate decreased on increasing the 

solutal stratification parameter. 

 

V. CONCLUSION 
 In this paper, a numerical investigation has been carried out to discuss the double stratification and heat 

generation or absorption effects on magneto hydrodynamic mixed convection flow of a Casson nanofluid over 

a nonlinear permeable stretching sheet under the influence of viscous dissipation. The concluding facts for the 

present work after a thorough observation are briefed as follows 

1. On increasing magnetic parameter or Casson fluid parameter and simultaneously decreasing buoyancy 

parameters (Gr, Gc) in a significant decrease of the momentum boundary layer thickness whereas the thermal 

and concentration boundary layer thickness increases of the fluid. 

2. Thickness of the thermal and concentration boundary layers significantly increases away from the surface 

where the thermophoresis parameter increases. 

3. When the Brownian motion parameter increases, the thermal boundary layer thickness increases where as 

concentration boundary layer thickness decreases. 

4. On increasing thermal stratification parameter results in significant decrease of the thermal and concentration 

boundary layer thickness. 

5. From low thermal stratification to high thermal stratification, Skin friction coefficient increases whereas local 

Nusselt and Sherwood number increased. 

6. From low solutal stratification parameter to high solutal stratification parameter, the skin coefficient and local 

Nusselt number are increased whereas mass transfer  rate decreased. 

 

Table 1 Comparison of '( 0 ) and '( 0 ) with the available results in literature for different values of n when 

Pr = 0.7, Le = 2,  Nt = Nb = 0.5, Ec = Q = E1 = M = fw = Gr = Gc = 𝜀1 = 𝜀2 = 0, 𝛽 → ∞. 

n '( 0 )  '( 0 )  

Present 

study 

Besthapu 

and 

Bandari 

(2015) 

Mabood 

et al. 

(2015) 

Rana & 

Bhargava 

(2012) 

Present 

study 

Besthapu 

and 

Bandari 

(2015) 

Mabood 

et al. 

(2015) 

Rana & 

Bhargava 

(2012) 

0.2 

0.3 

3.0 

10.0 

20.0 

0.325221 

0.321608 

0.297992 

0.292190 

0.290697 

0.3296 

0.3262 

0.3050 

0.2999 

0.2986 

0.3295 

0.3262 

0.3050 

0.2999 

0.2986 

0.3299 

0.3216 

0.3053 

0.3002 

0.2825 

0.805682 

0.798441 

0.750777 

0.738961 

0.735912 

0.8135 

0.8068 

0.7633 

0.7527 

0.7500 

0.8134 

0.8067 

0.7633 

0.7527 

0.7500 

0.8132 

0.7965 

0.7630 

0.7524 

1.4548 
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Figure 1(a) Velocity profiles for different values of M  

 
 

Figure 1(b) Temperature profiles (Solid line) and Concentration profiles (Dashed line) for different values  

of M  

  

 
Figure 2(a) Velocity profiles for different values of Gr  
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Figure 2(b) Temperature profiles (Solid line) and Concentration profiles (Dashed line) for different values 

of Gr  

 
Figure 3(a) Velocity profiles for different values of Gc   

 
Figure 3(b) Temperature profiles (Solid line) and Concentration profiles (Dashed line) for different values 

of Gc  
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Figure 4(a) Velocity profiles for different values of fw  

 
 

Figure 4(b) Temperature profiles (Solid line) and Concentration profiles (Dashed line) for different values 

of fw  

 

 
 

Figure 5(a) Velocity profiles for different values of β  
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Figure 5(b) Temperature profiles (Solid line) and Concentration profiles (Dashed line) for different values 

of β  

 

 
 

Figure 6 Temperature profiles (Solid line) and Concentration profiles (Dashed line) for different values of 

Nt  

 
 

Figure 7 Temperature profiles (Solid line) and Concentration profiles (Dashed line) for different values of 

Nb  
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Figure 8 Temperature profiles (Solid line) and Concentration profiles (Dashed line) for different values of 

𝜺𝟏 

 
Figure 9 Temperature profiles for different values of Ec and Q. 

 
 

Figure 10 Temperature profiles for different values of Pr  
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Figure 11 Concentration profiles for different values of Le and 𝜺𝟐  

Table 2 Numerical results for local skin friction coefficient
1
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 , local Nusselt number 

1
'(0 )

2

n



  and local Sherwood number 

1
'( 0 )

2

n



 for β, n, Gr, Gc,  M, Pr, Nt, Nb and fw with Ec = 

0.5, E1 = 1, Le  = 2, Q = 0.2, 𝜀1 = 0.1 𝑎𝑛𝑑 𝜀2 = 0.2. 
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