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ABSTRACT:- In this paper, numerical analysis has been carried out on the problem of
magnetohydrodynamic (MHD) mixed convection flow of a Casson nanofluid past a nonlinear permeable
stretching sheet with viscous dissipation in the presence of double stratification, joule heating. The governing
partial differential equations are transformed into a system of ordinary differential equations using suitable
similarity transformations. The resultant ordinary differential equations are then solved numerically by bvp 4c
Matlab software. Effects of the physical parameters on the velocity, temperature and concentration profiles as
well as the local skin friction coefficient, the heat and mass transfer rates are depicted in tabular form and
discussed. The results indicate that the local Nusselt number decreases with an increase in both Brownian
motion parameter Nb and the thermophoresis parameter Nt. However, the local Sherwood number increases with
an increase in Brownian motion parameter Nb. But it decreases as the values of Nt increases. Besides it is found
that the surface temperature of sheet increases with an increase in the heat generation (Q>0) or absorption
parameter (Q<0). Comparison of present results with previously reported results has been found in excellent
agreement.

Keywords: Nonlinear permeable stretching sheet, MHD, Joule heating, Casson nanofluid , double
stratification.

l. INTRODUCTION

Theoretical studies of viscous incompressible flows over continuous moving or stretching surfaces
through an otherwise quiescent fluid have their origins in the pioneering work of Sakiadis [1, 2] and Crane [3].
These types of flows occur in many industrial processes, such as in glass fiber production and plastic extrusion.
Other often mentioned metallurgical processes that are modelled by stretching surfaces include hot rolling,
spinning of fibers, and wire drawing (see [4—7]). Thermophoresis is a phenomenon which causes small particles
to be driven away from a hot surface and towards a cold one. The force experienced by a small aerosol particle
in the presence of a temperature gradient is known as the thermophoretic force. Motion of particles under such a
force is known as thermophoresis. Thermophoresis is an important mechanism of micro-particle transport due to
a temperature gradient in the surrounding medium and has found numerous applications, especially in the field
of aerosol technology. The numerical simulations revealed many interesting results for both differentially
heated cubic cavity and the Rayleigh Benard convection in the shallow cylinder. Both numerical and
experimental investigations have been conducted by Bednarz et al. (2005, 2006, 2009, 2010). The authors have
shown how to enhance or suppress heat transfer by placing the magnet at various positions of the enclosure.
Magnetite nanofluids consist of colloidal magnetite nanoparticles suspended in a base fluid. The main interest in
using nanofluids in thermal engineering systems is that their enhanced thermophysical properties (such as
thermal conductivity), relative to the base fluid, can improve thermal management in the system. In a typical
nanofluid, the nanoparticles are uniformly dispersed. In a solution of magnetic nanoparticles, however, the
particles can be controlled using an external magnetic field, which enhances their thermal conductivity.
Nanofluid is a new type of heat transfer fluid which contains a base fluid and nanoparticles. The term nanofluid
was proposed by Choi [8]. The boundary layer flow and heat transfer over a permeable stretching sheet due to a
nanofluid with the effect of magnetic field, slip boundary condition and thermal radiation have been investigated
by Ibrahim and Shankar [9] where they concluded that the local Nusselt number decreases with an increase in
both Brownian motion parameter Nb and thermophoresis parameter Nt. However, the local Sherwood number
increases with an increase in both thermophoresis parameter Nt and Lewis number Le, but it decreases as the
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values of Nb increase. Khan et al. [10] studied the combined effects of Navier slip and magnetic field on
boundary layer flow with heat and mass transfer of  water-based nanofluid containing gyrotactic
microorganisms over a vertical plate and they concluded that the magnetic field suppresses the dimensionless
velocity and increases the dimensionless temperature inside the boundary layers. Lakshminarayana and
Gangadhar [11] concluded that the temperature and mass volume friction increases in the presence of
thermophoresis parameter and the temperature increases while the mass volume friction decreases in the
presence of Brownian motion parameter. Mabood et al. [12] investigated the effect of viscous dissipation on a
laminar boundary layer flow with heat and mass transfer of an electrically conducting water based nanofluid
over a nonlinear stretching sheet. They concluded that the dimensionless velocity decreases and temperature
increases with magnetic parameter and the thermal boundary layer thickness increases with Brownian motion
and thermophoresis parameters. Hayata et al. [13] investigated the magneto-hydrodynamic flow of nanofluids
over an exponentially stretching sheet in a porous medium with convective boundary conditions and they
concluded that an increase in the values of magnetic parameter have similar effects on the velocity profile in a
qualitative sense and the temperature profile increases by increasing magnetic parameter values. Rizwan Ul Haq
[14] investigated the stagnation point flow of nanofluid with magneto-hydrodynamics (MHD) and thermal
radiation effects passed over a stretching sheet. Mustafa et al. [15] investigated the effect of MHD on non-
Newtonian nanofluid past a stretching sheet under convective surface boundary condition. Bhattacharyya and
Layek [16] investigated the magnetohydrodynamic boundary layer flow of nanofluid over an exponentially
stretching permeable sheet and the concluded that magnetic field makes enhancement in temperature and
nanoparticle volume fraction. Krishnamurthy et al. [17] investigated the effect of viscous dissipation on
hydromagnetic fluid flow and heat transfer of nanofluid over an exponentially stretching sheet with fluid-
particle suspension. Anwar et al. [18] studied the radiation effect on MHD stagnation-point flow of a nanofluid
over an exponentially stretching sheet. Motsa and Sibanda [19] investigated the effect of MHD flow over a
nonlinear stretching sheet by an efficient semi-analytical technique.In order to obtain a thorough cognition of
non-Newtonian fluids and their various applications, it is necessary to study their flow behaviours. Due to their
application in industry and technology, few problems in fluid mechanics have enjoyed the attention that has
been accorded to the flow which involves non-Newtonian fluids. It is well known that mechanics of non-
Newtonian fluids present a special challenge to engineers, physicists and mathematicians. The non-linearity can
manifest itself in a variety of ways in many fields, such as food, drilling operations and bio-engineering. The
Navier—Stokes theory is inadequate for such fluids, and no single constitutive equation is available in the
literature which exhibits the properties of all fluids. Because of the complexity of these fluids, there is not a
single constitutive equation which exhibits all properties of such non-Newtonian fluids. Thus, a number of non-
Newtonian fluid models have been proposed. In the literature, the vast majority of non-Newtonian fluid models
are concernedwith simple models like the power law and grade two or three [20-26]. These simple fluid models
have shortcomings that render to results not having accordance with fluid flows in the reality. Casson fluid is
another fluid model for non-Newtonian fluid. In the literature, the Casson fluid model is sometimes stated to fit
rheological data better than general viscoplastic models for many materials [27, 28]. Examples of Casson fluid
include jelly, tomato sauce, honey, soup and concentrated fruit juices, etc. Human blood can also be treated as
Casson fluid. Due to the presence of several substances like, protein, fibrinogen and globulin in agueous base
plasma, human red blood cells can form a chainlike structure, known as aggregate or rouleaux. If the rouleaux
behaves like a plastic solid, then there exists a yield stress that can be identified with the constant yield stress in
Casson’s fluid [29-31]. The non-linear Casson’s constitutive equation has been found to describe accurately the
flow curves of suspensions of pigments in lithographic varnishes used for preparation of printing inks [32] and
silicon suspensions [33]. The shear stress—shear rate relation given by Casson satisfactorily describes the
properties of many polymers [34] over a wide range of shear rates. Casson fluid can be defined as a shear
thinning liquid which is assumed to have an infinite viscosity at zero rate of shear, a yield stress below which no
flow occurs, and a zero viscosity at an infinite rate of shear [35]. Mukhopadhyay et al. [36] investigated Casson
fluid flow over an unsteady stretching surface and they concluded that the effect of increasing values of the
Casson parameter is to suppress the velocity field, whereas the temperature is enhanced with increasing Casson
parameter. Nadeem et al. [37] studied MHD three dimensional Casson fluid flow past a porous linearly
stretching sheet. In another study, Nadeem et al. [38] examined the MHD three dimensional boundary layer flow
of Casson nanofluid past a linearly stretching sheet with convective boundary condition where concluded that
the reduced Nusselt number is the decreasing function and the reduced Sherwood number is the function
Brownian parameter Nb and thermophoresis parameter Nt.Stratification of fluid arises due to temperature
variations, concentration differences, or the presence of different fluids. In practical situations where the heat
and mass transfer mechanisms run parallel, it is interesting to analyze the effect of double stratification
(stratification of medium with respect to thermal and concentration fields) on the convective transport in
micropolar fluid. The analysis of free convection in a doubly stratified medium is a fundamentally interesting
and important problem because of its broad range of engineering applications. These applications include heat
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rejection into the environment such as lakes, rivers, and seas; thermal energy storage systems such as solar
ponds; and heat transfer from thermal sources such as the condensers of power plants. Although the effect of
stratification of the medium on the heat removal process in a fluid is important, very little work has been
reported in literature [39-42]. Srinivasacharya and Upendar [43] considered the flow and heat and mass transfer
characteristics of the free convection on a vertical plate with variable wall temperature and concentration in a
doubly stratified micropolar fluid where they concluded that an increase in thermal (solutal) stratification
parameter reduces the velocity, temperature (concentration), skin friction, heat and mass transfer rates but
enhance the concentration (temperature) and wall couple stress. Motivated by the above investigations the
present paper, numerical analysis has been carried out on the problem of magnetohydrodynamic (MHD) mixed
convection flow of a Casson nanofluid past a nonlinear permeable stretching sheet with viscous dissipation in
the presence of double stratification and heat generation or absorption. The governing partial differential
equations are transformed into a system of ordinary differential equations using suitable similarity
transformations. The resultant ordinary differential equations are then solved numerically through computer
software. Effects of the physical parameters on the velocity, temperature and concentration profiles as well as
the local skin friction coefficient, the heat and mass transfer rates are depicted in tabular form and discussed.

. MATHEMATICAL FORMULATION
Let us consider the two dimensional steady incompressible flow of a Casson nanofluid induced by a
nonlinearly stretching sheet which is placed at y=0. The flow is confined to y >0. By keeping the origin is fixed

and sheet is stretched with nonlinear velocityu , = ax" , where a is positive constant, n>0 for an accelerated
sheet and n<0 for a decelerated sheet. The stretching sheet is assumed to be coinciding with the x — axes while
the y — axis is perpendicular to the plane of the sheet. The surface is maintained at temperature T, (x) and

concentrationC , (x ). The temperature and the mass concentration of the ambient medium are assumed to be
linearly stratified in the form T_(x) =T, + Ax" andC_(x)=C, ,+ B,x" respectively, where A, and

B, are constants and varied to alter the intensity of stratification in the medium and T_, and C_ are the

,0 ,0

beginning ambient temperature and nanoparticle volume fraction at x = 0 respectively.
The rheological equation of state for an isotropic flow of a Casson fluid (Eldabe and Salwa [14] can be
expressed as

(f P,

Hg +
| L =\/27r
i T p, )
LL,UB+YJ2e”, T <7, (2-1)
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where p3 is plastic dynamic viscosity of the non-Newtonian fluid, p, is the yield stress of fluid, r is the product
of the component of deformation rate with itself, namely, = = eje;;, e; is the (i, j)™ component of the
deformation rate, and . is critical value of  based on non-Newtonian model. A magnetic field is applied in
the direction perpendicular to the sheet with varying strength as a function of x. The flow region is exposed
under uniform transverse magnetics fields B = (0, B(x), 0) and uniform electric field E = (0,0, —E,). Since
such imposition of electric and magnetic fields stabilizes the boundary layer flow. It is assumed that the flow is
generated by stretching of an elastic boundary sheet from a slit by imposing two equal and opposite forces in
such a way that velocity of the boundary sheet is of linear order of the flow direction. We know from Maxwell’s
equation that V. =0 and V.E = 0 . When magnetic field is not so strong then electric field and magnetic field
obey Ohm’s Law J = o(E + § x B) , where is the Joule current, ois the magnetic permeability and gis the fluid
velocity. We assume that magnetic Reynolds number of the fluid is small so that induced magnetic field and
Hall effect may be neglected. We take into account of magnetic field effect as well as electric field in
momentum and thermal boundary layer equations. By implementing the boundary layer approximations and
applying the order of magnitude analysis, the governing equations (2.2) to (2.5) are transformed into the
following equations:

—+—=0 2.2)
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The  boundary  conditions  for  velocity, temperature  and  concentration  fields  are
y=0:u,=ax",v=v, T=T C=C,
y=0:u=0,v=0T=T_,C=C_, (2.6)

is the

Where u and v are the velocity component along the x and y axes respectively, a = ( )
pPC),

thermal diffusivity,v is the kinematic viscosity, x is dynamic viscosity of the fluid, , x is vortex viscosity, p

is fluid density, g is the Casson fluid parameter, p . is the density of base fluid, g is the acceleration due to
gravity, . is coefficient of thermal expansion, g is the coefficient of expansion with concentration, D, is the
Brownian diffusion coefficient, D, is the thermophoresis diffusion coefficient, Q  is the heat generation or

pC

(pC),

,C is the volumetric volume coefficient, p  is the density of the particles and c is the rescaled nanoparticl, k , is

absorption coefficient , T = is the ratio of nanoparticle heat capacity and base fluid heat capacity

the permeability of the porous medium, o is the electrical conductivity, By is the magnetic field strength, ¢ is

the specific heat at constant pressure and m is the heat flux exponent. We assume that It is noted here that the
case of uniform surface heat flux corresponds to m = 0.
Following [15, 16, 17), the strength of the spatially varying magnetic field B(x) is taken as
B(X)=Box" " (2.7)
where By is the strength of the magnetic field.

Y(x,y) is the stream function defined in the usual way as

0 0
u=Y andv:——l// (2.8)
oy OX
So that the conservation of mass equation (2.2) is automatically satisfied.
Now, we introduce the following similarity transformations

av(n+1) U n-1
—x

2 Lf(n)+

a(n+1) 2 ;
n =y —xX u=ax f'(n),v=-
2v 2

The dimensionless temperature and concentration are
T - Tw 0 Alxz 2
0(n)=——"- AT =T, (X)-T, o= M,x (2.10)
AT AT ’ :

c-c,, lez

2

, AC=C, (x)-C_,=Nyx" (2.11)

AC AC
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av (n+1) )

and assume v = —,/[——x * f_,where f, is the suction or injection parameter.
2
After the substitution of these transformations (2.7) - (2.11) along with the equations (2.2) — (2.6) the resulting
non-linear ordinary differential equations are written as follows:
1
@+ —)f"+ ff" - (nf*~Gro-Geg)+M *(E, - ) =0 (2.12)
n+1

1 1 \ ) )
—0"+ fO'+ Nbg'0'+ N O+ ECL — ") "L EcM i(f - E,))+QO-¢f'=0 (213)

Pr g J

N
¢"+ LePr f¢'+N—‘0"ngf "= 0.
b (2.14)

The corresponding boundary conditions are

f(0)y=f,,f'(0)=1,0(0)=1-¢,,4(0)=1-¢,

f'(0)=0,0(0)=0,¢(0)=0 (2.15)
Where prime denotes differentiation with respect ton . The Physical parameters involved in the above equations

D, (C, -C.)(rC)

. L v . .
are defined as Pr = — is Pradantl number, Le = — is Lewis number, N = ® is the
a D, v(pC )f
. . DT(TW—Tw)(pC)p . .
Brownian motion parameter, , N, = is the thermophoresis parameter,
vT (pC)
® f

M = B,+Jo /pa is magnetic parameter, E, = E,/B,ax“"'* is the local electric parameter,

UW - gﬂT (Tw - Toc) H
Ec=—————— s Eckert number, Gr=—————— s called local Grashof number |,
c (T,-T.,) a“x™""
p w B
gh.(C,-C.) . o Q, . _
Gc = ————— is the local modified Grashof number, Q = is the heat generation (Q>0) or
a"x— pC a
x> d
absorption (Q<0) parameter, ¢, = ——[Tm (x)} is the thermal stratification parameter and
AT dx
X2
£, = ——[C (x)] is the solutal stratification parameter.
AC dx

The quantities of the skin friction coefficient C; , the local Nusselt number Nu, and the local Sherwood number
Sh, given as follows

( 1)\ au) Xq xq,

- a1+ — Nu = ——* — Sh =——m
where “w ”BL JL J , VU x
ay y=0 DB(CW_Cw)

’ (T, -T.)" (2.16)

where k is the thermal conductivity of the nano fluid and 9w.9n are the heat and mass fluxes at the
surface respectively given by

quk(ﬂ\ « b (oC)
N T R (217)

By substituting Euation (2.8) - (2.11) into equations (2.16)-(2.17), we will get
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( 1\ ~ n+1 _ n+1
Re ' C, =|1+—|t"(0),Re, " Nu, = - [*——0"(0),Re, " sh, = -, [*——4"(0)
)
u X

” 2 2

\

Where R€x = v which is called local Reynolds number.

. SOLUTION OF THE PROBLEM
The system of ordinary differential equations (2.12)-(2.14) along with the boundary condition

(2.15) are integrated numerically by first choosing initial guess values for f (0), f "(0),6'(0) and ¢ '(0) to

match the boundary conditions at « . Matlab bvp4c solver (ref. Shampine and Kierzenka [18]) was used to
integrate the system of equations. To verify the accuracy of the numerical results, we compared our results with
those reported by Besthapu and Bandari [19], Mabood et al. [5], Rana and Bhargava [20] as shown in table 1.
The results are in very good agreement, thus lending confidence to the accuracy of the present results.

V. RESULTS AND DISCUSSION

In order to get physical understanding, the numerical values of the parameters encountered in the
problem are valid and there by the velocity, temperature and nanoparticle volume fraction (nanoparticle
concentration) profiles have been discussed. Graphical illustrations are given to the tabulated numerical results.

The controlling parameters are taken as = 0.5, n=2, Gr=0.2, G¢ = 0.2, Pr=0.71, Nt = 0.2, Nb = 0.2,
Ec=05Le=2,1,=150Q0=0.2, & = 0.1 &¢&,=0.2, discussed the effect of magnetic parameter, the effect of
magnetic parameter (M) on dimensionless velocity, temperature and nanoparticle volume fraction profiles are
showed in figures 1(a) and 2(b) respectively. As the increase in magnetic parameter, the non-dimensional
velocity profile is decreased. This is due to the in introduction of a transverse magnetic field which is normalto
the flow direction and has a tendency to create the drag known as Lorentz force, tends to resist the flow. Hence,
as the magnetic parameter increases, there is a decrease in the horizontal velocity profiles (see in fig.1(a)). From
figure 1(b), we define the thermal energy as the additional force which drags the nanofluid from the influence of
magnetic field. This additional force increases the thickness of the thermal boundary layer, so that the
temperature profiles enhances with the rise of magnetic parameter values. From this figure, we have observed
that as the values of M increases, the volume fraction of nanoparticle distributions is also enriched in the flow
region. Figures 2(a) and 2(b) illustrate the effect of thermal Grashof number (Gr) on dimensionless velocity,
temperature and nanoparticle volume fraction profiles. The other parameters are fixed as M=0.5, p = 0.5, n=2,
Gc=02,Pr=071, Nt=0.2, Nb=02 Ec=05 Le=2,f,=15 0Q=02, & =0.1&¢&,=0.2. Thermal
Grashof number represents the ratio of the buoyancy force to the viscous force acting on the fluid. It is observed
that on increasing the thermal Grashof number, the dimensionless velocity significantly increased. Evidently,
thickness of thermal and nanoparticle volume fraction boundary layers significantly decrease larger distance
from the surface as the thermal Grashof number is increased. The effect of solutal Grashof number (Gc) on the
dimensionless velocity, temperature and concentration fields are depicted in figures 3(a) and 3(b) respectively.
The other controlling parameters are set to be constant at M=0.5, B = 0.5, n=2, Gr =0.2, Pr =0.71, Nt = 0.2, Nb
=02,Ec=05Le=2,f,=15 Q=02 & =0.1&e,=0.2. It is observed that as the solutal Grashof number
increases, the velocity remarkably increases; while the solutal Grashof number increases, the temperature and
nanoparticle volume fraction distributions are decreased. The other controlling parameters are set to be constant
at M=0.5, B = 0.5, n=2, Gr = 0.2, Gc = 0.2, Pr=0.71, Nt =0.2, Nb = 0.2, Ec =05, Le =2, Q= 0.2, & =
0.1 &e,= 0.2. Figures 4(a) & 4(b) exemplifies the effect of suction or injection parameter (f,) on the
dimensionless velocity, temperature and concentration distributions respectively. As depicted in figure 4(a), the
velocity distribution is decreased by suction parameter (f ,, >0) where as it is increased by injection parameter (f
w < 0). It is obvious that imposed suction decreases the boundary layer thickness. In other words, imposed
injection increases the velocity distribution in the boundary layer region. Thus it signifies that injection
parameter helps the flow to penetrate more into the fluid. Figure 4(b) demonstrate the suction (f ,>0) decrease
the temperature and injection (f ,, <0) increase the temperature throughout the boundary layer. It can be viewed
that suction will lead to fast cooling of the surface. This is remarkably important in numerous industrial
applications. Further, it is noted that the surface receives heat due to injection parameter and from the surface
for suction. Moreover, it is observed that the temperature increase near the surface due to injection and
decreases until its value become zero at the outside of the boundary layer. Figure 4(b) demonstrates that suction
parameter (f ,,>0) decreases the nanoparticle volume fraction distribution where as injection parameter increases
it. Figures 5(a) and 5(b) describe the effect of Casson parameter () on the dimensionless velocity,
temperature and concentration profiles. The other controlling parameters are set to be constant at M=0.5, n=2,
Gr=0.2,G6c=0.2,Pr=071,Nt=02, Nb=0.2,Ec=05Le=2,f,=15 Q=026 =01&¢=02.1ltis
noticed that as Casson parameter increases, the non-dimensionless velocity profiles close to the boundary, as
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B - oo,% - 0, the fluid becomes Newtonian. It is noticed that the rise in the values of Casson parameter is used

to dilute the strength of yield stress P, of the Casson fluid which enhances the value of plastic dynamic viscosity
up and causing the resistance in fluid flow. On increasing the Casson parameter is to increase the fluid non-
dimensional temperature and nanoparticle volume fraction profiles is observed. The phenomenon in which the
particles can diffuse under the effect of a temperature gradient is called thermophoresis. The influence of
thermophoresis parameter (Nt) on dimensionless temperature and nanoparcle volume fraction profiles can be
viewed in figure 6 respectively. The other controlling parameters are set to be constant at M=0.5, = 0.5, n=2,
Gr=02,G6c=02,Pr=071,Nb=0.2 Ec=05Le=2f,=15Q=02,& =0.1&e¢&,=0.2. It is observed
that temperature and nanoparticle volume fraction profiles elevate in the boundary layer region with the higher
values of thermophoresis parameter (Nt). This is from the reality that particles near the hot surface create
thermophoretic force; this force enhances the temperature and volume fraction of nanoparticles of the fluid in
the boundary layer region. The random motion of nanoparticles within the base fluid is called Brownian motion
which occurs due to the continuous collisions between the nanoparticles and molecules of the base fluid. Figures
7(a) and 7(b) shows the effects on velocity, temperature and nanoparticle volume fraction profiles for various
values of Brownian motion parameter (Nb). The effect of Brownian motion parameter Nb are explicated by
setting the values of other parameters to be constant at M=0.5, f = 0.5, n=2, Gr = 0.2, G¢c = 0.2, Pr=0.71, Nt =
0.2,Ec=05Le=2,f,=150=0.2, g = 0.1 & =0.2. It is noticed that temperature profiles are increased
when Brownian motion parameter Nb increases. The physics behind the rise in temperature is that the increased
Brownian motion parameter increases of the thickness of the thermal boundary layer. However, in the case of
nanoparticle volume fraction, it results in a decrease while Brownian motion parameter is increased away from
the surface.In order to discuss the influence of thermal stratification parameter(e;), the other parameters are set
constantly at M=0.5, B = 0.5, n=2, Gr=0.2, Gc =0.2, Pr=0.71, Nt=0.2, Nb = 0.2, Ec = 0.5, Le = 2, f,, = 1.5,
Q=0.2&¢,=0.2. From figures 8, it is noted that on increasing thermal stratification parameter, the thermal and
volume fraction of nanoparticles boundary layers decreases. From this, it is evidently seen that the thermal
stratification tends to delay the thermal boundary layer flow process. Moreover, it will have some practical
implications on the heat transfer amplification process.The other parameters are set as M=0.5, § = 0.5, n=2, Gr =
0.2, Gc = 0.2, Pr=0.71, Nt = 0.2, Nb = 0.2, Le = 2, f, = 1.5, & = 0.1 & &, = 0.2.The influence of Eckert
number (Ec) and heat generation (Q>0) or absorption (Q<0) parameter on the temperature profiles within the
boundary layer region is shown in the figure 9. As compared to the case of absence of viscous dissipation, it is
understood that the temperature profile is increased on increasing the Eckert number. Due to viscous heating,
the increase in the fluid temperature is enhanced and appreciable for higher values of Eckert number. In other
words, increasing the Eckert number leads to a coolness of the wall. Consequently, a heat transfer of heat to the
fluid occurs, which causes a rise in the temperature of a fluid. From figure 9, we can be observed that the effect
of heat absorption results in a fall of temperature since heat resulting from the wall is observed. Obviously, the
heat generation leads to an increase in temperature throughout the entire boundary layer. Furthermore, it should
be noted that for the case of heat generation, the fluid temperature becomes maximum in the fluid layer adjacent
to the wall rather at the wall. In fact, the heat generation effect not only has the tendency to increase the fluid
temperature but also increases the thermal boundary layer thickness. Due to heat absorption, it is observed that
the fluid temperature as well as the thermal boundary layer thickness is decreased. No significance in heat
distribution is observed among the fluids in the presence of heat absorption. The other parameters are set as
M=0.5,=0.5,n=2,Gr=0.2, Gc=02,Nt=0.2,Nb=0.2, Ec=0.5,Le=2,1,=15,Q=0.2,¢6 =01 &¢; =
0.2. The effect of Prandtl number (Pr) on temperature profiles is illustrated in figure 10. It can be observed that
the temperature profile is decreased on increasing Prandtl number. The ratio between momentum diffusivity and
thermal diffusivity of the fluid is known as Prandtl number. Physically, Pr = 0.68 refers to Helium, Pr = 0.71
corresponds to air, Pr = 5.1 refers to water and Pr = 12.3 corresponds to Ethylene Glycol 30%. Increasing
Prandtl number becomes a key factor to reduce the thickness of the thermal boundary layer. Setting the other
parameters to be constant as M=0.5, = 0.5, n=2, Gr=0.2, Gc = 0.2, Pr=0.71, Nt = 0.2, Nb = 0.2, Ec = 0.5, f,,
=15, Q =0.2, & = 0.1. The discussion is now made only by varying the solutal stratification parameter (&)
and Lewis number (Le).The effect for the variation of solutal stratification parameter on the concentration
profile is exemplified in figure 11. It is confirmed that the concentration distribution is significantly decreased
while the values of solutal stratification parameter and Lewis number is increased.

Table 2 shows that the Skin friction coefficient, Local Nusselt number and Local Sherwood number

. . . (0 1) n+1 n+1 ) )
(which are respectively proportional to (—Ll+ —J f"0),—,[—0'(0)& —,|—¢ '(O)J for different
B 2 2

values of Casson fluid parameter, non-linear stretching parameter, thermal Grashof number, solutal Grashof
number, magnetic parameter, Prandtl number, thermophoresis parameter, Brownian motion parameter and
suction or injection parameter respectively. Increasing the Casson fluid parameter or thermal Grashof number or
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solutal Grashof number strictly decreases the value of both skin friction coefficient and local Sherwood number
while local Nusselt number increases. The skin friction coefficient, local Nusselt number and local Sherwood
numbers are significantly decreased by increasing the non linear stretching parameter and suction or injection
parameter. On increasing the Brownian motion parameter or magnetic parameter strictly increases the values of
both skin friction coefficient and local Sherwood number where as local Nusselt number decreased. Moreover,
the local Nusselt number and local skin friction coefficient are increased on increasing the Prandtl number while
the local Sherwood number decreases. This signifies that a fluid with larger Pr possess larger heat capacity and
hence improves the heat transfer. On the other hand, the skin friction coefficient, local Nusselt number and local
Sherwood number are decreased by increasing the thermophoresis parameter.  Table 3 illustrates that the
effect of viscous dissipation, Lewis number, heat generation or absorption parameter, thermal stratification
parameter and solutal stratification parameter on the local skin friction coefficient, local Nusselt number and
local Sherwood number. It is observed that increasing Eckert number or heat generation or absorption parameter
significantly decreases the skin friction coefficient and rate of heat transfer whereas rate of mass transfer is
increased. On increasing the Lewis number, slight decrease in the rate of heat transfer and slight increase in skin
friction coefficient and mass transfer rate are observed. When thermal stratification number is increased, skin
friction coefficient is significantly increased and a decrease in the rate of heat and mass transfer can be noticed.
The skin friction coefficient heat transfer rate is increased but mass transfer rate decreased on increasing the
solutal stratification parameter.

V. CONCLUSION

In this paper, a numerical investigation has been carried out to discuss the double stratification and heat
generation or absorption effects on magneto hydrodynamic mixed convection flow of a Casson nanofluid over
a nonlinear permeable stretching sheet under the influence of viscous dissipation. The concluding facts for the
present work after a thorough observation are briefed as follows

1.0n increasing magnetic parameter or Casson fluid parameter and simultaneously decreasing buoyancy
parameters (Gr, Gc) in a significant decrease of the momentum boundary layer thickness whereas the thermal
and concentration boundary layer thickness increases of the fluid.

2. Thickness of the thermal and concentration boundary layers significantly increases away from the surface
where the thermophoresis parameter increases.

3.When the Brownian motion parameter increases, the thermal boundary layer thickness increases where as
concentration boundary layer thickness decreases.

4.0n increasing thermal stratification parameter results in significant decrease of the thermal and concentration
boundary layer thickness.

5.From low thermal stratification to high thermal stratification, Skin friction coefficient increases whereas local
Nusselt and Sherwood number increased.

6. From low solutal stratification parameter to high solutal stratification parameter, the skin coefficient and local
Nusselt number are increased whereas mass transfer rate decreased.

Table 1 Comparison of -6 '(0) and —¢ '(0) with the available results in literature for different values of n when
Pr=0.7,Le=2, Nt=Nb=05Ec=Q=E;=M=fw=Gr=Gc=¢ =&, =0,8 - .

n -0'(0) -¢'(0)
Present | Besthapu | Mabood | Rana & Present | Besthapu | Mabood | Rana &
study and etal. Bhargava study and etal. Bhargava
Bandari (2015) (2012) Bandari (2015) (2012)
(2015) (2015)

0.2 | 0.325221 | 0.3296 0.3295 0.3299 | 0.805682 | 0.8135 0.8134 0.8132
0.3 | 0.321608 | 0.3262 0.3262 0.3216 | 0.798441 | 0.8068 0.8067 0.7965
3.0 | 0.297992 | 0.3050 0.3050 0.3053 | 0.750777 | 0.7633 0.7633 0.7630
10.0 | 0.292190 | 0.2999 0.2999 0.3002 | 0.738961 | 0.7527 0.7527 0.7524
20.0 | 0.290697 | 0.2986 0.2986 0.2825 | 0.735912 | 0.7500 0.7500 1.4548
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Figure 1(a) Velocity profiles for different values of M

1 ‘
g=05n=2
o Pr=0.71,Gr=0.2
0.81\ Solid lie : 6 (n) Gc=02,Ec=05
: Dashed line : ¢ (n) fw=15Nt=0.2
Le=2,e1=01
— Nb=0.2,e2=0.2
£0.6 E1=10,Q=02
< \
/-s__i \
— 0.4} 7
@
M=0,0.1,0.15,0.2
0.2 b
0 ———
0 4 6 8 10

Figure 1(b) Temperature profiles (Solid line) and Concentration profiles (Dashed line) for different values
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Figure 2(a) Velocity profiles for different values of Gr
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Figure 3(a) Velocity profiles for different values of Gc
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Figure 11 Concentration profiles for different values of Le and &,

(1)
Table 2 Numerical results for local skin friction coefficientL1 + _J f "(0) , local Nusselt number

n+1 n+1
-4 /—9 '(0) and local Sherwood number —, /—¢ '(0) for B, n, Gr, Ge, M, Pr, Nt, Nb and f,, with Ec =
2 2

05E; =1 Le =2,Q0=0.2,¢ =0.1and &, = 0.2.

p In|Gr|Gc| M Pr | Nt | Nb | fw ( 1) N1 N1
—[ 1+ = | £7(0) 6'(0) | - $'(0)
L B J 2 2
05|2(02(02|002|071|02]|02]| 1 2.33733447 0.58126173 2.37611305
112(02(02|002|071|02]02] 1 2.00054666 0.58158596 2.29015538
1512]02|02]002]071]02]02] 1 1.87112099 0.57842405 2.25308694
05/0(02]02|002|071|02]|02]| 1 1.34975955 0.43173788 1.33071245
05/1(02(02|002|071|02|02]| 1 2.11609780 0.50824960 1.92395095
05|2(02(02|002|071|02|02]| 1 2.33733447 0.58126173 2.37611305
0513[02]02|002|071]02]02] 1 2.44329159 0.64750874 2.75546649
05|/2(05(02|002|071|02|02]| 1 2.21567892 0.60852738 2.36329120
05|2| 1 ]02|002|071|02]|02]| 1 2.01825755 0.64935189 2.34473074
05|12(15]02|002|071]02]02] 1 1.82621363 0.68535675 2.32921117
05|2(02]05(002|071|02|02]| 1 2.27820708 0.59122500 2.37118197
05|2(02| 1 |002|071|02]|02]| 1 2.18046522 0.60705763 2.36344694
05|2(02]15|002|071|02]|02] 1 2.08366709 0.62198942 2.35628410
05|2(02(02|01|071|02]|02] 1 2.34720469 0.53931155 2.40131537
05|/2(02(02|015|071|02|02]| 1 2.36024293 0.48015205 2.43708397
05|2(02]02| 02 |071]02]|02] 1 2.37875677 0.38699758 2.49397248
05|2(02]02|002| 10 |02]|02] 1 2.33569352 0.56390528 2.38975409
05|2(02]02|002| 20 |02]|02]| 1 2.37574238 1.96478181 1.13950238
05|2(02]02|002| 30 |02]|02] 1 2.38133062 3.36113734 -0.21711273
05|2(02(02|002|071|04]|02]| 1 2.32058292 0.54403853 2.08626497
05|/2(02(02|002|071|06|02]| 1 2.30442811 0.50889671 1.85561017
05/2(02]02|002|071]/08]02] 1 2.28886094 0.47571359 1.67859986
05/2(02]02|002|071|02|04]| 1 2.34391250 0.51461460 2.58473016
05|/2(02(02|002|071|02|06]| 1 2.34537051 0.45521427 2.65212253
05/2(02]02|002|071]/02]|08] 1 2.34557155 0.40125953 2.68457224
05|/2(02(02|002|071|02]|02]| - 1.51107911 0.01828571 0.77074845
05/12]02]02]002/071]02]02]05 1.65352803 0.11062221 1.04799477
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0.5
0.5
05

2102
2102
2102

0.2
0.2
0.2

0.02
0.02
0.02

0.71
0.71
0.71

0.2
0.2
0.2

0.2
0.2
0.2

0.17958145
0.25331171
0.37107339

1.24880499
1.45971843
1.79144378

- 1.75486692
0.2 1.86130214
0 2.03047914
0.2
0.5

(1)
Table 3 Numerical results for local skin friction coefficientL1+—J f "(0) , local Nusselt number

n+1 n+1
—,/;0 '(0) and local Sherwood number —,/;gb '(0) for B, n, Gr, Gc, M, Pr, Nt, Nb and f,, with
2 2

f=05n=2,Gr=0.2,G6¢c=0.2,M =0.02,Pr=0.71,Nt=0.2,Nb=0.2, fw =1.

Ec Le Q & &2 (1), n+1 n+1
-1+ —1f"(0) 0'0) | - ¢ '(0)
B 2
0.5 2 0.2 0.1 0.2 2.33733447 0.58126173 2.37611305
1 2 0.2 0.1 0.2 2.32480524 0.15706463 2.75960145
1.2 2 0.2 0.1 0.2 2.31981405 -0.01146320 2.91190278
2 2 0.2 0.1 0.2 2,29996278 -0.67906825 3.51492086
0.5 3 0.2 0.1 0.2 2.34790599 0.57495793 3.44642096
0.5 4 0.2 0.1 0.2 2.35393017 0.57205661 4.48600797
0.5 5 0.2 0.1 0.2 2.35787525 0.57047900 5.50909022
0.5 2 -0.5 0.1 0.2 2.34919865 0.95519532 2.04100150
0.5 2 -0.2 0.1 0.2 2.34511596 0.81230759 2.16989800
0.5 2 0 0.1 0.2 2.34167204 0.70419159 2.26674709
0.5 2 0.2 0.1 0.2 2.33733447 0.58126173 2.37611305
0.5 2 0.5 0.1 0.2 2.32780989 0.35102042 2.57867598
0.5 2 0.2 0.2 0.2 2.35238150 0.57060128 2.36929946
0.5 2 02 | 025 | 0.2 2.35987207 0.56468951 2.36641932
0.5 2 0.2 0.3 0.2 2.36734061 0.55838977 2.36389089
0.5 2 0.2 0.1 0.3 2.34404194 0.58669671 2.17564276
0.5 2 0.2 0.1 04 2.35074104 0.59218024 1.97487125
0.5 2 0.2 0.1 0.5 2.35743179 0.59771266 1.77379914
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