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ABSTRACT:
In this paper, we study the fractional exponential function.Some properties of fractional exponential function are

obtained. A new multiplication of fractional analytic functions plays an important role in this article. In fact, our
results are generalizations of the properties of classical exponential function.

Date of Submission: 19-09-2022 Date of Acceptance: 03-10-2022

l. INTRODUCTION

In recent years, the application of fractional calculus in many different fields, such as physics, control,
mechanics, dynamics, bioengineering, economics, electrical engineering, viscoelasticity, signal processing, has
aroused people’s strong interest [1-6].At present, the definitions of fractional calculus mainly include Riemann-
Liouville (R-L) type, Caputo type, Grunwald-Letnikov (G-L) type, Weyl type, Riesz type, Jumarie type, and so
on [7-11].

This paper studies the fractional exponential function. Some properties of fractional exponential function are
obtained. On the other hand, a new multiplication of fractional analytic functions plays an important role in this
article. In fact, our results are generalizations of the properties of classical exponential function.

1. PRELIMINARIES

Firstly, the definition of fractional analytic function is introduced.
Definition 2.1([12]):Suppose thatx, x,, anda, are real numbers for all k, x, € (a,b), and0 < a < 1. If the

function f: [a, b] — R can be expressed as ana-fractional power series, i.e., f, (x*) = Y5 Om( — xp)k@

on some open interval containing x,, then we say that f, (x*) is a-fractional analytic atx,. On the other hand, if
fx:[a, b] = R is continuous on closed interval [a, b] and it is a-fractional analytic at every point in open interval
(a, b), then f, is called an a-fractional analytic function on[a, b].

Next, we introduce a new multiplication of fractional analytic functions.
Definition 2.2([13]): Assume that 0 < ¢ < 1, and x; is a real number. Suppose thatf, (x*) andg, (x*) area-
fractional analytic functions defined on an interval containing x, ,

Fule) = St (= 10) = N0 2 (s = )) M

b 1

. ®k
9a(x%) = Zl?:om( x0) =¥ =07 (F(a+1)( xo)“) N V)

Then

Zk =0 F(ka+1) (Zm =0 ( ) Ag—m bm) (x - xo)ka. (3)
Equivalently,
fa (xa) ® ga(x“)
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= 502 (B0 () @) (s G = x0)7) @

Definition 2.3 ([14]): Suppose that0 < a < 1, and f, (x%), g, (x%) are a-fractional analytic at x = x,

Fulx) = S0t (=) = X S (s ) )

I'(a+1)

9 () = T matts (e = x) = X0 2 (s = x)”) ®)

I'(a+1)

The compositions of f, (x*) and g, (x%) are defined by

(fr © 9 @) = £ (9 (@)) = B % (g, (6)®" (7)
and
(9 © f) @) = go(fe @) = Do 2 (e (x) . ®)

Definition 2.4 ([14]): Let0 < a < 1.If £, (x%),g, (x%) are two a-fractional analytic functions satisfies

(fe © gu)(x%) = (9o © fu) (x%) = X 9)

F(a+1)
Then f, (x*),g,(x%) are called inverse functions of each other.

Definition 2.5([14]): Suppose that0 < a < 1, and x isa real number. The a-fractional exponential function is
defined by
ka Rk
ay — Jo X _yo 1 1 a
Ee(x%) = z:""=0r(ka+1) - Z"=°k! (F(a+1)x ) - (10
AndLn, (x*)is the inverse function of E, (x*). On the other hand, the a-fractional cosine and sine function are
defined as follows:

( 1)/{ 2ka _ o (71)1{ 1 « ®2k
T (2ka+1) = Zk=o (2k)! (F(a+1)x ) . (A1)

cos, (x*) = X0

and

(—Dkx @D (_1)k( 1 x“)®(2k+1)

r(@k+Da+1)  “k=0 2r+1) \r(a+1) (12)

sing (x) = Yo
Definition 2.6([15]): Assume that n is a positive integer, if f, (x*) & g, (x*) = 1, then g, (x%) is called the ®
reciprocal of £, (x®), and is denoted by (f; (x“))®_1.ln addition, (fa(x"‘))®n =f,x)® - Qf,(x%)is
called thenth power of £, (x*). And (f, (x"‘))®_n = (£, (x"‘))®_1 R ® (ﬁ,l(xo‘))@_1 is thenth power of

(fa(x"‘))@)_1 . Moreover, we define(f(,((x"‘))®0 =1.

Definition 2.7 ([16]): Assume that0 < a < 1. Letf, (x*) and g, (x*) bea-fractional analytic functions. Then
thea-fractional analytic functionf, (x®)®9«*“) is defined by

fo(x)®9e) = B, (g, (x)®Lng (f,(x))).  (13)

1. MAIN RESULTS
In this section, the main results in this paper are introduced.
Theorem 3.1:Let0 < a < 1, then the a-fractional exponential function

1

®I‘(0{+1)Xa’ (14)

Ea(xa) =€y

[F(a+1)]*

wheree, = E, (1) = Xi- Tkatl) "

Proof By Definition 2.7,
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ea®r(++1)xa
1 a
=E, 71"(61 n 1)x ®Ln,(e,)
=E, ;x"‘@Ln (E.(D)
“\l'(a+1) @
=& ( ! “®1)
~ P re+n*
= E,(x").
On the other hand, if F(alﬂ)x“ =1, then x* =T(a + 1), and hence x** = [I'(a + 1)]¥. Therefore, by
Definition 2.5,
_ _ v [T@+D]
e. = E,(1) = ¥¥<o T(ka+1) "
Q.ed.
Remark 3.2:1fa = 1, then
o 1
er = E (1) =X = e (15)
And
Rx _— — X
e;®* = Ey(x) = €*, (16)
which is the classical exponential function.
Theorem 3.3:1f 0 < a < 1, then the a-fractional exponential function
E, (x%) = lim, o, X1 8k . — L _xka  (17)
@ noe Sk=0"nk T(ka+1)
And the a-fractional exponentialconstant
— i n @ [M(atDI
€y = hmn—mo Zk:O nk I'(ka+1) . (18)
Where (n), =n(n—1)---(n—k+ Dand (n), = 1.
Proof E,(x%)
1 1 &n
=1 <1 — a)
ni * n I'(a+1) x
n
ny (1 1 ®k
1 30 (o)
nooh (k) n I'(a+ 1)x
k=0
Sl 1 1 ®k
-t 3 ey )
e Lkt (=)t nF \N(a + D~
n
~ Z n! 1 k! ka
e Liler(n =1 n* T(ea + n*
n
— i Z n! 1 1 ra
T e L=t n* T(ka+1) X
T M)y | 1 k
= lim, e, Z‘l’cl=0n_k I(ka+1) ‘
Moreover,
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k
— E (1) — hmn_)oo Zk O(n)k [T(a+1)]

[(ka+1)
Q.ed
Corollary 3.4:Let 0 < a < 1, then
[Fa+D]* (n)k [r(a+D]
Yi=o T(ka+1) = limy, 0 Y=o "Tkatn) (19)
Remark 3.5:1fa = 1, then by Corollary 3.4, we obtain
) 1 . 1\"*

D= Ok‘ = limy, o X_o— co = limy e, (1 + ;) . (20)
V. CONCLUSION

In this paper, we discuss some properties of fractional exponential function. These properties are generalizations
of the properties of traditional exponential function.A new multiplication of fractional analytic functions plays
an important role in this article.In the future, we will use fractional exponential function to solve the problems in
fractional calculus and fractional differential equations.
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