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Abstract:

A Fuzzy number is just an ordinary number whose precious value is somewhat unpredictable. Fuzzy number are
used in experimental science, engineering (especially communication), mathematical model etc. The arithmetic
operation on fuzzy numbers are fundamental concepts in fuzzy mathematics. The operation of interval are
discussed. The paper presents addition and subtraction of Fuzzy numbers with constructing composition table.
Fuzzy arithmetic operations are frequently used for solving mathematical equations that contains Fuzzy
numbers. The extension principle and the a cut approach using different t- norms. Such approach causes
difficulties in calculations and is a reason for arithmetical paradoxes. The paper shows how the addition
operation and subtraction operation can be connected on Fuzzy numbers. This paper also shows when
operating with Fuzzy numbers, then the result of our calculations strongly depend on shape of the membership
functions of these numbers.
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. Introduction:

The fuzzy numbers and arithmetic operations are rich in methods for defining fuzzy operations with
many desirable properties that are not always present in the implementations of classical extension principle.
The fuzzy calculations are not performed immediately and in many cases they require to solve mathematically
or computationally difficult sub problems for which a closed form is not available. Fuzzy numbers are
complementary to probability and statistical modeling uncertainty, imprecision and ambiguity of data and
information. In particular, fuzziness is essentially connected with incompleteness and uncertainty in the
boundaries of sets and numbers, while granularity defines the scale or level of detail at which the domain of the
values of the variable or object of interest described and coded. The arithmetic operations on fuzzy numbers can
be approached through direct use of the membership functions or equivalently through the use of the acuts
representation. The arithmetic operations and more general fuzzy calculations are normal when dealing with
Fuzzy logic and systems, where variables and data are described by Fuzzy numbers and sets. The essential
uncertainties are generally modeled in the initial definition of the variables, but it is very important to pay close
attention to how they propagate during the calculations. A difficult consequenceof Fuzzy theory and practice is
that calculations cannot be performed by using the same rules as in arithmetic with real numbers and
indeedfuzzy calculus will not always satisfy the similar properties. If not performed by taking into account
existing dependencies between the data, Fuzzy calculations will produce over propagation of initial uncertainty.
By the a- cuts approach, it is possible to define a graphical representation of addition and subtraction of Fuzzy
numbers that allow a large variety of possible shapes and is very simple to implement, with the advantage of
obtaining a much wider family of Fuzzy numbers.

Il.  Some basic concept on Fuzzy numbers:
A Intervals:

Definition 1: C € Risanintervalin RifVx,y,z € Candx < z < y imply z € C.

Definition 2: Fora,a € R, theinterval ] = {x € R:a < x < a}has lower end point a and upper end pointa, and
is denoted by [a, a]. It is proper interval [a, a] will be denoted by [a].

For instance, if interval is denoted by asA = [a,a3],a1,a3 € R,a; < az. We may regard this as one kind of
sets.

Expressing the interval as membership function is shown in the following figure 1.2
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0, x < ay
‘LLA(X)Z 1, alﬁxSa3
0, X = as

If a; = ag, this interval indicates a point. That is [a;, a;] =a;.

pa(X)
>

Figure: Interval A = [a;,a3]
B. Interval arithmetic:
Let = denote any of the four arithmetic operations on closed intervals: addition (+), subtraction (-),
multiplication (-), division (/). Then

[a,b] *[d,e] ={f*g |a<f<b,d<g< e} except when 0¢[d, e].
Is a general property of all arithmetic operations on closed intervals, except that % is not defined when 0 €
[d, e].

C. Arithmetic operations with closed intervals:

1) [a,b] +[d,e] =[a+d,b+e]

(2) [a,b] —[d,e] = [a—e,b—d]

(3) [a,b] - [d, e] = [min(ad, ae, bd, be) ,max(ad, ae, bd, be)]

bl _ rin (¢ 222 aabb
(4) [de] [mln(d'e'd'e)'max(d'e'd'e)]
D Fuzzy Number:

If a fuzzy set is convex and normalized, and its membership function is defined in R and piecewise continuous,
it is called fuzzy number. So fuzzy number (fuzzy set) represents a real number interval whose boundary is
fuzzy.

To qualify a fuzzy number, a set A on R must possess at least the following three properties:

1. A must be a normal fuzzy set.

2. A*must be a closed interval for every ae (0,1].
3. The support of A, A°" must be bounded.
E. Extension Principle and Fuzzy Arithmetic:

Now we wish to use the extension principle to perform algebraic operations on fuzzy numbers. We define a
normal, convex set on the real line to be a fuzzy number and denote it Ss.
Let SzandS; be two fuzzy numbers with S; defined on the real line in the universe X and S; defined on the real
line in universe Y, and let symbol = denote a general arithmetic operation, that is, *= {+, —,-,/} . An arithmetic
operation between these two numbers denoted S; * S; will be defined on universe Z, and can be accomplished
using the extension principle by

Hs;(2) = Sup {us (¥) A us; (¥)}

Z=x*y

www.ijeijournal.com Page | 250



Graphical Representation of Addition and Subtraction of Fuzzy Numbers with Composition Table

1. Addition of Fuzzy arithmetic with composition table:
Letz=F(x,y) =x+y.Then X + j with
S;={z€Z|z=x+y,XES;,y€E S;

And  ps,(z) = Sup {5, (X) A ps;(¥)}

Z=x%y
By a — cut notation, (5;)% = F((S,;)“, (S};)a) = (5% + (Sy)a.
Example: Let X and § be such that S; = [-5,1], Sy = [-5,12] with associate
Membership functions

( 0,-5<y<-3
Y12 s<x<2 Ly, 3
TOSXS 242, 3<y<4
s, 00 =43 3 and #55,«(}’)={ 777 Y
Tl <y < - 12
g ty2sx=l l?y+?,4SyS12

We obtain .U'SZ(Z) = Supz=x*y{.u-5',;(x) A ,ngy(y)}

From interval [-5, 1] and [-5, 12], we take some integer and make a composition table is follows:

[EY

+ |5 4 3 2 -1 0

G
LN
® o
L |
~ ©
L
& ©
L
&N
L
A S
L
w
RS

1|6 5 -4 3 -2 -1 0
o|-5 4 3 2 -1 0 1
213 2 1 0 -1 2 3
411 0 1 2 3 4 5
6|1 2 3 4 5 6 7
8|3 4 5 6 7 8 9
10/5 6 7 8 9 10 11
2|7 8 9 10 11 12 13

From the above table let’s think when z=2. Addition to make z=2 is possible for following cases:

(6 + (_4), 4 + (_2), 2+O, ......... )
So nusz (2) = iupz{nuSy (6) A nqu; (_4), #S;(‘l') A .LLSS;(_Z)) HS;(Z) A .uSS;(O); """"" }
x+y=
x+y=2
= Sup {075’ 1, 0.7, cec e eeevneenennnn ...}: 1.
x+y=2

Again let’s think when z=8. Addition to make z=8 is possible for following cases:
(10+ (-2), 840, ....... ).

So us,(8) = Sup {us; (10) A ps; (=2), s (8) A pas (0), e ov oo }
x+y=8
x+y=8
= Sup {0.25,0.33, -} = 0.25.

x+y=2
From this kind of method, if you come by membership function for all z € S; + S;. For convenience, we can

express it is a fuzzy number by approximating where S; = [—10,13].
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-10-9-8-7-6-5-4-3-2-1012345678910111213

Figure: Addition of Two Fuzzy numbers

Now we perform this operation by using o — cut of Siis obtained by,
Letting, a = §+§ and a = —g +§ respectively, which give x; = 3a — 5 and x, = —3a + 1.
Hence, the projection interval is, (Sz)* = [x1,x,] = [3a — 5, —3a + 1].
Similarly, (5;)% = [y1,y,] = [7a — 3, —8a + 12]
So that (5;)* = (S5)* + (sy)“ =[Ba—5+7a—3,-3a+1—8a+12]

= [10a — 8,—11a + 13]=[-8, 13]for a = 0.
Setting x; = 10a — 8 and x, = —11a + 13 gives a = 1Z—0+% and a = —%+ L

H)
Which yield the membership function. Taking S; = [—8,2,13] into account, we finally arrive at
( 0,-10<z<-8
| z 8

— 4 — —-8<y<2
MSZ={10+10, 8<y<

L B <3
—H H, SZs

L Ao
/ | N\ a=—=+—
4 <

—» 11 11

-10'-8-7-6-5-421-2-1012345622891011 1213

Figure: The resulting membership function.

IV. Subtraction of Fuzzy arithmetic with composition table:

Letz=F(x,y) =x —y.Then X — y with
S;={z€Z|z=x—y,XES;,y€E S}
And  ps,(z) = Sup {us, (%) A ps; ()}

Z=x*y

By a — cut notation, (S;)* = F((S,;)“, (Sy)a) = (5x)* — (Sy)a

Example: Let % and § be such that S; = [-5,1], Sy = [—5,12] with associate
Membership functions
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( 0,0<x<7

al 1,7<x<7
- ,7<x <

0,0<y<3
jy 3 3<y<s
b =1 2 19 andus, =1 3733 SV S
R E— < <
5t ldsx=19 ~Y42,5<y<10
0,19 < x < 20 5

We obtain  pis, (2) = Sup=r—y {Hs, (¥) A s, ()}
From interval [0, 20] and [0, 10], we take some integer and make a composition table is follows:

- 0 4 8 12 16 20
0 |-10 -6 2 2 6 10
2 -8 -4 0 4 8 12
4 -6 -2 2 6 10 14
6 -4 0 4 8 12 16
8 -2 2 6 10 14 18
10| O 4 8 12 16 20

From the above table let’s think when z=2. Subtraction to make z=2 is possible for following cases: (4-2, 8-6,
12-10, ...... )
So ps, (2) = SUPZ{HS; (4) A Usy (2), s, (8) A Usy (6), s, (12) A .Usy(lo). """"" }
x—y=
SUp {0A0,0.14 A 0.8,0.71 A0, e eeevrevrevneenenn ),
x—y=2

— Sup {0’ 0.14’ O, ee tee tee cee eee see s ...} = 0.14
x—y=2
Again let’s think when z=4. Subtraction to make z=4 is possible for following cases:
(4-0, 8-4,12-8,....)
So ps, (4) = Sup4{ Hsy (4) A s (0), s (8) A prs (4), s, (12) A pasp (8), -+ ov oo }
X—y=
SUp {0A0,0.14 A 3.5 0.71 A 0.4, e coeveevrevreveeenn ),
x—y=4

= Sup {0,0.14,0.40, -+ cerververveenee e 31 =0.40
x—y=4
From this kind of method, if we come by membership function for all z € S; — S;.For convenience, we can
express it is a fuzzy number by approximating where S; = [—10,20].

4

1+ Sip ¥/
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-10-9-8-7-6-5-4-3-2-10[1234567851011121314151617181920

Figure: Subtraction of Two Fuzzy numbers

By a — cut notation, for any « value, the o —cut of S; is obtained by,

Leta = ;— land a = —§+ 15—9 respectively, which implies x; = 7a + 7 and x, = —5a + 19.

Hence the projection interval is (Sz)* = [x1,x;] = [7a + 7, —5a + 19].

Similarly, (5;)* = [y1,y,] = [2a—3,=5a + 10].

—(85)" = [5a — 10, —2a — 3].

So that (S)* = (S)* — (S;)” = [7a + 7 + 5a¢ — 10, —5a + 19 — 2a + 3]
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= [12a — 3,—7a + 2]=[-3,16]fora = 0.
Settingz; = 12a —3and z, = —7a+22givesa=f—2+% anda=—2+2

27’
Which yield the membership function. Taking S; = [-3,9,16].
0,-10<z< -3

o Z-2 35259
Consequently, we have the membership functionus_(z) = . 16
- 7 + 7, 9<z<16
0,16 <z<20
A
l—_ S" A
I\
,/l ‘\-.l\,
/ \
// | \
‘//l \\
/ \
// \
/ \\‘
1098-7654-32-10[1234567891011121314151617181920

Figure: The resulting membership function

V. Conclusion:

In this paper we investigate a special type of fuzzy set, namely fuzzy numbers with arithmetic. We
have methodically reviewed some operations like addition and subtraction of fuzzy numbers with constructing
composition table and also showed graphical representation. We know fuzzy numbers are subsets of the set of
real numbers satisfying some additional conditions. Arithmetic operations on fuzzy numbers have also been
developed and are based mainly on the extension principle and on interval arithmetic. When operating with
fuzzy numbers, then the result of our calculations strongly depend on the shape of the membership functions of
these numbers andthe addition operation and subtraction operation can be connected on Fuzzy numbers. So
finally we say that fuzzy numbers have been widely used in quantitative analysis in recent decades and fuzzy
arithmetic is widely used in numerical analysis with dealing decision making under uncertainty with
computationally effective way.
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