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Abstract:- In this paper we study the existence of a periodic solution for nonlinear system of differential
equations with pulse action of parameters. The numerical-analytic method has been used to study the periodic
solutions of the nonlinear ordinary differential equations that were introduced by Somioleko And the result of
this study which is the using the periodic solutions on a wide range in difference processes in industry and
technology.

l. INTRODUCTION

There are many subjects in physics and technology using mathematical methods that depends on the
nonlinear differential equations, and it became clear that the existence of the periodic solutions and it's
algorithm structure from more important problems in the present time. Where many of studies and researches
dedicates for treatment the autonomous and non-autonomous periodic systems and specially with the integral
equations and differential equations and the linear and nonlinear differential and which is dealing in general
shape with the problems about periodic solutions theory and the modern methods in its quality treatment for the
periodic differential equations.

Somioleko [6] assumes the numerical analytic method to study the periodic solutions for the ordinary
differential equations and its algorithm structure and this method include uniformly sequences of the periodic
functions and the result of that study is the using of the periodic solutions on a wide range for example see [4, 5,
6].

Consider the following system of nonlinear differential equation, which has the form:
dx

E=1x+f(t,x,y) , t#Et Axlt:ti=li(x,y)

- (D
D gt gty , txt A| — G0y |
ac -~ Prtatxy) P By TGy

Where x € Dy € R", y € Dg € R"™, D,isaclosed and bounded domain.
The vector functions f (t,x,y) and g(t,x,y)are defined on the domain:
(t,x,¥) € R x D; X Dg = (—o0,00) X D; X Dg N )

Which are continuous int, x , yand periodic in t of period T, where D, is bounded domains subset of
Euclidean spaces R™ , and the functions I; (x,y) , G;(x,y)are continuous in the domain (2), where I, ,,, (x,y) =
L(x,y), Giyp(x,y) = G;i(x,y) and t;,,(x,y) =t; + Tfor p is a positive integer and{t;}is finite positive
sequence of numbers.

Suppose that the vector functions in (1)are satisfying the following inequalities:

oy DX, DBIIf(t. ol <My, oy 108X Dﬁllg(t.x,y)ll <M, 3
te[0,T] te[0,T]
B p M <My max 116G Gyl < My o (8)
1<i<p 1<i<p
1fCE xq, v1) — f (& x2, ¥l < Killxy — 220l + Kz llyr — 2l )
lg (&, x1, 1) — g(& %2, )l < Lillxy — 221l + Lollyy — w2l ... (6)
1; Cr, y1) — I (e, vl < Ksllxg — x|l + Kallys — woll (D
, 1G; (1, y1) — G (2, ¥l < Lsllxy — x21l + Lallyy — 2l .. (8
Where t €R v XX ,X2 € DA! Y V1.Y2 € Dﬁand Ml !MZ ,M3 ,M4 !Kl !KZ ,K3 ,K4 B
Li,L,,Ls,L,are a positive constant ,|| . ||= maxg<<r |- | -

Let, B are a positive parameter defined in (2), continuous and periodic at 7,s,t and satisfy both following
inequalities:
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. (9)

e <
le” =] < F
Where H and F are a positive constants.
We define the non-empty sets as follows:
ATH?T AT \
Dy = Dy —((HT—W>M1 +pH<1 +m>> o
} ... (10)
BTF%T BT |
Dyr = Dg — (FT—il +eﬁT)M2 +pF(1 T +eﬁT> J
Furthermore, we suppose that the larges Eigen-value for the following matrix:
W W,
Ao ]
W W,
is less than one, i.e.:
Wy + W, + Wy + W2 + AW, W5 — Wy W)
Gmax = > , ...
where
ATH?T AT
w, = (HT—W>K1 +2pH<1 + 1+e”)1(3 )
ATH?T
w, = (HT—W>K2 +2pH<1+ N +e”)1(4 )
BTF*T BT
W; = (FT—l+7>L1 +2pF(1+ o)l
BTF?T BT
w, = (FT—H—eﬁ>L2 +2pF(1 +1+—eﬁ>L4 )
ATH®T
M5 = (HT—W>M1 +2pH<1 +1+7)M3 B
BTF*T BT
Mg = (FT—W>M2 + 2pF(1 +7 +eBT>M4

Approximation solution of (1)

The investigation of approximation solution of the system (1) will be introduced by the following

theorem:
Theorem 1

If the system of nonlinear differential equations with pulse action (1) satisfy the inequalities (3) -- (8) and the

conditions (9) , (10) then the sequences of functions :
t

xm+1(tr xO'yo) =X, + f el(t_S)[f(s' Xm (s,xo, yo)'ym (S!xo'yo)) -

T Ol
= [ T (500 (5030 5 90 s s +
0

+ Z eA(T_S)Ii(xm(tﬂxO'yo):ym(tﬂxo'yo))_

0<ti<t
1 14
T 1t er Z T (2 (&, X0, YD, Vi (£, %0, V) c..(12)
i=1
with
X (t, X,) = x,e* m=0,1,2,...... ,
end

Ym+1 (6 X0 Vo) = Yo + f ePEIf (5, % (S, X0 Vo) Y (S, X0 Vo)) —
0
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T
B s
— [ T £ 550 70,30 . ) +
0
+ Z eﬁ(T_S) Gi (xm (t' Xo» yo)l Ym (t' Xo» yo)) -
0<t;<t
p
- 1+ T Z eﬁ(T_S)Gi (xm (t' Xo» yo)' Ym (t, Xo» yo)) [ (13)
i=1
With
Yo (t, x,) = y,ePt | m=0,1,2, ...... ,

Are periodic in t of period T, and are uniformly convergent as m — oo in the domain :
(t,xo,yo) €E R X D/'{f X Dﬁf . (14)
To the limit function x,,(t, x,, y,)andy, (t, x,, y,,) define in the domain (14), which is periodic in t of period T
and satisfying the system of integral equations :
t

x(t’xO’yO) = xO + f el(t_s)[f(srx(S;xo:yO):}’(S;xo:yO)) -

OT R
~ [ T T (5 x50 7D, ¥, ) +
0

+ Z e =91 (x(t, %0, ), Y (6, X0 Vo)) —

0<t;<t
A
14 e

p

PR CTCERDEICENS) I ¢

i=1

and

:V(t’xo;:)’o) = y() + eB(t_S)[f(Sl x(S;xo:yO):Y(S;XOIYO)) -

B
1+ efT

P T f (5,2(5, %0 Yo), ¥ (5, %o, Yo) )ds]ds +

O T

+ eﬁ(T_S)Gi(x(t' Xo» yo): )’(t; Xo» yo)) -

0<t;<t
ﬁ p
~ T ) PG D Y Ex ) . - (16)
i=1
Which is are unique solutions of the system (1), provided that :
. ATH?T AT
[1x°(t, X0, Vo) — Xl < HT_I—}-T M; + 2pH (1 +1+7) M, A EY))
. - BTF*T BT
162030 = 3ol < (FT = | Mo+ 20F (14— )My (1®)
”xoo(t' Xo» yo) — X (t' Xo» yo)”
<SAME - AT, ... (19
"yoo(t' Xo yo) ~—Ym (t' Xo yo)"
forallt € [0,T] ,x, € Dy , ¥, € Dgs, When:
Ni(t) N3(t)
A, =
Np(t)  Ny(O)
And where
N. =|HT ATHT Ky +2pH |1 AT K W, = N
10 = (T~ 5 ) K+ 2o (14 ) e = e o)
N,(t) = HT ATHZTK 2H(1 AT )K W, = Ny (t
2(0) = 14 e )2t ePi\tr ) e 2 = max No(®)
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BTF?T BT

Ns() = (FT - m) b 2oF (1) b W = N
BTF?T BT

N4(t) = (FT - m) LZ + 2pF <1 + m) L4_ f W4_ = m[(e)lx N4(t)

ATH?T AT

BTF?T BT
Proof:
Setting m = 0 and using (12) , and the condition (9), we get
t

Vo=

e (6,20, ) — x|l = f e[ s, %0, yo) llds —

e f el G 20 vl + Y [T 1 Cr 9 =

0<t;<t

- lee”—”ll||1i<xo.yo)||

o f 17 %0 7llds =1 f 1G5 7l +
HH ) Gl = 1o Zuz G301
0<t;<t

Hence

ATH?T AT
||x1(t,x0,yo) - xo” <|HT - m M; + 2pH <1 +m) M3 P (19)
So thatx; (t, x,,¥,) € D, , forall t € R', x, € D;¢,and by mathematic induction we get:

ATH?T AT
”Xm(t,xo;yo) - XO” <|HT —m M1 + 2pH (1 + m) M3
and

- BTF?T BT
lly: (&, %0, ¥6) = Yoll < { FT — T4 ofr | M2+ 2PF (1 + m) M, ... (20)
Hence y, (t,x,,¥,) € Dg ,forall t € R, y, € Dgf . and by mathematic induction we get :

- BTF*T oor (1 BT
||Ym(tlxo'y0)_y0” = FT—W M2+ pF( +1+eﬁT)M4

Then  x,, (t, %o, ¥) € Dy s Vi (t, %0, ¥,) € Dg, X5 € Dys , Yo € Dps .
We claim that the sequence of functions (12) and (13) are uniformly convergent on the domain (14).
By using (19), and when m =1, we get
t

”xZ(tﬂxo'yo) - xl(t: xo’yo)” = J”el(t_S)””f(s’xl’yl)”ds -
0

t
At
o e TG0 0l + f e Tl 5.3, v lds +
0

+AT

£ 3 AT i G,y + <

0<t;<t
t

1+ e Z”e“T S)HHI Gyl —

At
= [ler 0 lds + f le 21 G5 %, 9 s +
0 0
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T
At
* 1+ e” f”eA(T_S)“”f(s'xo'y‘))“ds - Z ||e/1(T_S)||”[i(x01yo)” -
0 0<t;<t
p
At
- TG
i=1

then

ATHAT AT
ll2c2 (¢, 20, o) — 21 (&, X0y YOI < || HT — T3 o | +2pH <1 + “_7) K3

ATH?T AT

||J’1 (tv xo’yo) - yo” e (21)
And by mathematic induction we get :

ATH?T AT
HT = )6+ 20 (14 ) s
”xm (t' Xo» yo) - xm—l(t' Xo» yo)” +

ATH?*T AT
+ HT_—1_|_e/1T K2+2pH(1+—1+e/1T)K4
”ym(t'xo'yo) _ym—l(t'xwyo)” ’ e (22)

and
BTF2T BT
”yz(t'xo'yo)_yl(t'xo'yo)” < FT—W Ll +2pF (1+1+e/1T)L3

”xl(tﬁxo'yo) - xo” +
BTF2T BT

”yl (t' xmyo) - yo” e (23)
And by mathematic induction we get :

”xl (t, Xo» yo) - xo” +

”xm+1(t' Xo» yo) —Xm (t, Xo» yo)” <

ATH?T AT
141 %o Vo) = Yin (&, X0 YOl < |{ HT — 737 | Ka + 2pH (1 + m) K3

”xm (t' Xo» yo) - xm—l(t' Xo» yo)” +

ATH?T AT

”ym (tvxo'yo) _ym—l(t' x()tyo)” , e (24)

Rewrite inequalities (22) and (24) in vector form as :

Vin+1 (6 %0, ¥o) < AV, (8, %o, V) ... (25)
where

”xm+1 (t' Xo» yo) —Xm (t' Xo» yo) ”
Vm+1 (t, Xo»r YO) =
1Y +1 (8 Xos Yo) = Y (8, %6, ¥l
Ni(t) Ns(t)

A =
No(8)  Ny(8)
and
1% (&, X0, Vo) — Xm—1(E X0, o)l
Vi (8, %0, o) =

”ym (t' Xo» yo) ~ Ym-1 (t' Xo» yo)”

It follows form the inequality (25) that :
Vm+1 < Ao(t)Vm P (26)
where
A, = max|A(t)]

te[0,T]
By iterating the inequality (3.20) , we find that
Vm+1 = A:)nVo
where
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BTF?T BT
T o Mot 2F (14 ) s

ATH?T AT
| |

m m

ZVi SZAQ‘WO ... @27

i=1 i=1

Since the matrix A, has Eigen-values like as (12), then the series (27) is uniformly convergent, i.e.
m [es}

lim ) Ay = Z ATV = (E=A)™W, .. (28)

m—wo
i=1 i=1

where E is a unity matrix.
The limiting relation (28) signifies a uniform convergent of the sequence x,, (¢, x,, y,)andy,, (t, x,, y,) in the
domain (14).
Let
lim % (6, %0, o) = X0 (8, X0, Yo)

m-—ow

... (29)
llm ym (t'xo'yo) = Yw(t;xo:yO)

m-—ow

Since the sequences of functions x,, (t, x,, y,)andy,, (t, x,, y,) are periodic in t with period T , then the
limiting of them are also periodic in t with period T, end thus x,(t, x,, y,) = x(t, X0, V), Yoo (t, X0, Vo) =
y(t, X0, ¥5)-
Also from (29) the following inequality

”xoo(t' Xo» yo) — X (t' Xo» yo)”

<SAME =AW, ... (30)

”yoo(t' Xos yo) ~—Ym (t' Xos yo)"

is hold for m > 1, and hence

xoo(t’ x()’ y()) = x(t’ xO' yo) 1 yoo(tl xOJ yO) = y(t’ xO’ yO)
which are the solutions of the system (1).

Uniqueness of Solution of (1)

Let all assumptions and conditions of theorem 1 were given, then the two functions x(t,x,,y,) and
y(t, x,, ¥, )are uniqueness of solution of (1) in the domain (14).

Proof :

Let

2(t,%0,Y0) = X% + | e2CTIF (5,205, %0 Y0), 9 (5, X0, Vo)) —

A
1+ e

0
£ T (R0 30,70, 96 %0 7))

0<t;<t
A
14 e

e;{(T_S)f(S; f(s’ xo: y())’ )A’(S: xO' yo))ds]ds +

— T

p

ZeA(T_S)Il(i(t’xo’yo)’y(t’xO’yO)) ’ s (31)

i=1

and

t
I %0, Vo) = Vo + f ePE[f(5,2(S, %o Vo), I(S, X0, Vo)) —
0

T

B o s )

— [ g e TR (5123 30, 9500 70))dslds +
0
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+ Z eﬁ(T_S)Gi(f(t'xmyo)'j;(tﬂxo'yo))_

0<t;<t

B
14 efT

i=1
Are another solutions for the system (1), then we shall prove that x(t, x,,y,) = (¢, x,, ¥,) , (t, X0, Yo) =
y(t, x,,¥,) , and to do this we need to prove the following inequality by induction,

4
Zeﬁ(T_S)Gi(f(trxovyo)fy(t’ Xo,yo)) ’ T (32)

”2(1:' Xo» yo) — X (t' Xo» yo) ” ”2(t: Xo» yo) — Xm-1 (t, Xo» yo) ”
< A ... (33)
”_’)G(t, Xo» YO) —Vm (t, Xo» yo)” ||}A’(t' Xo» yo) - ym—l(t! Xo» yo)”
for m > 1, where
Mi = ey 128X Dﬁllf ol , M;= ey BB Dﬁllg(t, x Yl
te[0,T] te[0,T]
M3 = ey BEX Dﬁl”i oyl . M= oy BAX DﬁIIGi(x. NI
1<i<p 1<i<p
For m=0in (15) and (16), we have
R ATH?TY AT .
||x(t,x0,yo)—x0|| < HT—W Ml +2pH (1+W>M3 PR (34)
and
N [)’TFZT . LT .
17t %0, y0) = Yol < { FT = 157 | Mz +2PF(1+W>M4 ... (35)

and for m =1, we get also
”f(t' Xo» yo) — X1 (t' Xo» yo)” <

”5C\(t' Xo» yo) - xo” +

ATH?T AT

ATH?T AT
+|\HT =T K2+2pH<1+71+eAT)K4
19t %0, o) = Yol ... (36)

and
BTF*T BT
FT = b+ 20 (14 ) s

BTF?T BT
+ FT—W L2+2pF(1+1+7)L4

“j}(tﬂxovyo) _yoll EEER (37)
Suppose that (33) istrue for m=p -1, i.e.

”j}(t' Xo» yo) - (t' Xo» yo)” <
”f(tﬁxo'yo) - xo” +

||f(t, Xo» yo) - xp—l (t, Xo» yo)" ||£(t' Xo yo) - xp—Z (t’ Xo» yo)”
< APT? ... (38)
”y(t, Xo» yo) - yp—l (t' Xo yo)” ”5\’(t' Xo yo) - yp—Z (t' Xo» yo)”
then

. ATH2T AT
||X(t,x0,yo) - Xp (t, Xo,yo)” < || HT — m Kl + ZpH (1 + m) K3

||5C\(t'x0'yo) - XP_I(t,XO, yo)” +
ATH?T AT
+ HT—W K2+2pH(1+1+7)K4

”5;(1', Xor yo) —Yp—1 (t' Xo» yo)”
and

BTF?T BT
FT——1+e/1T Ly +2pF(1 +—1+6”)L3

”?(tr Xor YO) W (t, Xo» YO)“ <

||5c‘(t,x0,y0) - xp—l(tlxo'yo)” +
BTFT BT
+ |7 = e+ 2 (L
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||j7(t, Xo» yo) - yp—l (t' Xo» yo)”
i.e.
||2(t' Xo» yo) - xp (t' Xo» yo) ” ”J’C\(t, Xo» yo) - xp—l (t, Xo» yo) ”
< AP
||j7(t, Xo» yo) - Yp (t' Xo» yo)” ||j’\(t' Xo» yo) - yp—l (t' Xo» yo)”
Then the inequality (33) istrue for m=0,1, 2, ...
By iterating the inequality (33) gives :
||k\(t' xO’ yO) - xm (t' xO’ yO) ” ”k\(t' xO' yO) - xm—l (t’ xO’ yO) ”
< AT
||j7(t, Xo» yo) —Ym (t' Xo» yo)” ”5}(t' Xo» yo) —Vm-1 (t' Xo» yo) ”

But from the condition (11) we obtainAy' - 0 as m — oo, hence, proceeding in the last inequality to the limit
we obtain that x(t, x,,y,) = £(t, x,,y,) and y(t, x,,¥,) = J(t, x,,V,) which proves that the two solutions
x(t, x,,v,)and y(t, x,,¥,) are unique, and this completes the proof of theorem 2.

Existence of solution of (1)
The problem of existence solution of the system (1) is uniquely connected with the existence of zero of
the function A(0, x,, y,) and A*(0, x,, y,), which has the form:
T

A A(T—s)
A0, %0 ¥0) = ol | e F (6 %0 (6 %00 Yo), 70 (8, %0, Vo) ) dE +
0

p
+ Ze/l(T_s)[i(xoo(ti,xoyyo):}/oo(tirxwyo))] et (39)

i=1
T

[ f BT £ (t, 2,0 (t, X0 Vo) Voo (t, X0, Yo) )t +
0

* ﬁ

p
+ Zeﬁ(T_s)Gi(xw(ti’ xo;yo)lyoo(titxo'yo))] ... (40)
i=1
Where x,(t, x,, v,)andy,,(t, x,, v,) the sequence's limiting (12) and (13) successively, and this function is
approximately determined from the sequence of functions:

T
A
Am(o' xo'yo) = 14+ eAT JeA(T_S)f(t:xm (t, xOIyo):ym(t' xo'yo))dt +
p 0
+ ZGA(T_S)Ii(xm (ti; xoryo)rym(ti:xwyo))] T (41)
i=; T
A:n (0: Xo» yo) = 1+ efT [Jeﬁ(T_S)f(t, Xm (t, Xo» yo): Ym (t; Xo» )’o))dt +
P 0
+ eﬁ(T_S)Gi(xm(ti'xo'yo)lym(ti'xo'yo))] o (42)
i=1

L
where m= 0,1,2,...
Theorem 3 :
Let all assumptions and conditions of theorem 1 were given, then the following inequality :

” A(leo' yo) - Am (O' Xo» yo)”

<SQAN(E-A)Y, ... (43)
"A*(t, Xo» yo) - A:n (O' Xo» yo”
where
AHT ApH AHT ApH
/1+e”K1+1+9”K3 1+e”K2+1+e”K4\
FT F FT F
p L + Pp L4 p L, + Pp L4/
1+ efT 1+ efT 1+ efT 1+ efT
Is holds for m > 0,t € [0,T], x, € Dys, ¥, € Dgy.
proof :
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According to (39) and (41) , we have.

T

A

1+ eAT f”el(T_S)””f(t: xoo(t’ xo:yo):yoo(t’ xo:yo)) -
0

” A(O' Xo, yo) - Am (O'xo' YO)” <
_f(t' Xm (t, Xo» yo)' Ym (t' Xo» yo)) ”dt +
p
A
+ “_72 ”e/l(T_S) || ||[l (xoo(ti! Xo» yo)! yoo(ti! Xo» yo)) -
i=1

- Ii (xm (ti' Xo» yo)' Ym (ti' Xo» yo)) || <

< m [Kl ”xoc(t' Xo» yo) — Xm (t' Xo» yo)” + KZ ”yoo(t! Xo» yo) ~—Ym (t! Xo» yo)”] +
ApH
+ m [K3 ”xoc(t' Xo» yo) — Xm (t' Xo yo)” + Kzl-llyoo(t’ Xo» yo) ~—Ym (t! Xo» yo)”]
So that
AHT ApH
” A(O' xmyo) - Am(oﬁxo'yo)” < (1 + e’lT Kl + 1+ e’lT KB) ”xoo(tt xo'yo) - Xm (t, xo'yo)”
AHT ApH
(e + T Ko ) 102620 30) = i (620,301

(48
By the same method and by (40) and (42) , we have
. . BFT BpF
1876 %0 70) = 85,0, 50301l < (Tt + T
BFT BpF
(T b+ o ) 1960, %0) = Y % 901
... (45
And so on, rewrite the inequalities (44) and (45) in vector form as :
I A0, X0, Yo) = B (0, X0, Yol 110 (8, X0, Vo) = Xm (&, X0, Yol
=dq
”A* (t' Xo» yo) - A:n (0' Xor Yo ” ”yoo(t: Xo» yo) — Vm (t' Xo» yo) ”
And by (30) , we get

” A(O,XO, yo) - Am (0' Xo, yo)”

L3) ”xoo(t' Xo» yo) —Xm (t' Xo» yo) ”

SQAT(E—A)TY,
”A* (t' Xo» yo) - A:n (0' Xo» yo”
Theorem4 :
Let thefunction f(t,x,y) and g(t,x,y) in the system (1) are defined on the intervals [a, bland [c, d]
respectively, and periodic in t with period T.
Let that the sequence of functions (41) satisfying the next inequalities :
min = A, (0,%,Y,) < —6n 1
a+M5 SXOSb—MS
... (46)
max A, (0,%,%,) = &, |
a+Ms <x,<b—Ms )
Let that the sequence of functions (42) satisfying the next inequalities :
min = A5, (0,%,,Y,) < —€&n )
C+Mg <y, <d— Mg
BN CY))
max AL (0,x,%,) = &€n ., |
c+My <y, <d-M, )
for m = 0 where :

AHT ApH AHT ApH . B
m=[(1+e” 1+1+e” 3) (1+e'1TK2+1+e'1TK4>]A° (E =A™ Ms,

BFT BpF BFT BoF ) .
gm_[(1+eﬂT 1+1+eﬁTL3)+(1+eﬁT 2+1+eﬁTL4)]A° (E =A™ Me

Then the system (1) has periodic solution of period T, x = x(t, x,, y,)and y = y(t, x,, y,)for which a + Ms <
Xg<b—Ms,c+Mg <y, <d— M.

Proof:

Let x; , x, be any two points in the interval [a + M5, b — Ms] such that :
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Ji (0' X1, YI) = min A, (O'xov YO)\
a+M5 SXOSb—MS
. (48)
Am(O'xZ'yZ) = max Am(oixcnyo)l
a+ M <x,<b— M )
Let y; , y, be any two points in the interval [c + Mg, d — M] such that :
Ay (0,x1,y1) = min A7 (0, x,, yo)]
C+M6 Syogd—Me,
. (49)
A:n (0' vayZ) = max A:n (Ov Xo yo)
C+M6 Syogd—M6
By (43) and (46), we get :
A0, x1, 1) = A1, (0,1, ¥1) + [A(0, 1, 1) — 8, (0, %1, y1)] <O
. (50)
A(O’xz’}b) = Am (0; Xz,}’z) + [A(lez.)’z) - Am(o' X2, yZ)] >0
From (43) and (47), we get :
A*(0,x1,y1) = 85, (0, %1, y1) + [A"(0,x1, 1) — A7, (0,%1,y1)] <O
. (51
A*(0,x3,y2) = 85,(0,x2, ) + [A7(0,x2,¥,) — 87, (0, x2,¥2)] > 0
It follows from the functions (39) , (40) and the relations (50) , (51) in virtue of the continuity of the A-
constant, that there exists x, = x,, X, € [x1,x]and Y, = ¥y, Y € [¥1,¥2] such that A(0,x,,y,) =0,
A*(0,x,,¥,) = 0. And this proved that the system (1) has a periodic solution x = x(t, x,, y,)for x, € [a +
Ms,b — Msland y = y(t, x,, y,)for y, € [c + Mg, d — Mg].
Remark 1 [6] :
When R™ = R, i.e. when x is a scalar theorem 4can be strengthens by giving up the requirement that
the singular point shout be isolated, thus we have
Theorem 5 :

Let the function A(0, x,, y,) defined asA : D;; - R’
T

A A(T—s)
A(O Xor YO) m [ e f(t: xoo(tl Xor yo):yoo(t: Xos yo))dt +
0

+ ZeA(T_S)Ii(xoo(ti;xo,yo)lyoo(ti'xwyo))] ... (52)

i=1
Let the function A*(O, xo,yo) defined asA* : Dgy — R’

A%(0,%,,¥,) =

L f F T (8,3, (%4, 300,26, %0 YD) dE +

+ Z BTG, (2t X Yo, ot X0 30)] . (53)

Where the functlons X, (t, x,, v, )andy,, (t, x,, y,)are the limit of asequence of periodic functions (12) ,
(13) respectively, then the following inequalities are holds :

AtH®T At
1ACO, xo, YOI < | Ht — m M; + 2pH (1 + 1_}_7) M; ... (549
. BtF2T St
”A (O,Xo,yo)” <|Ft-— m M2 + ZpF <1 + m) M4 P (55)

180, %3, y5) — A0, x3, y)II < Wi (1 — Wy — Wo,Ws (1 — W)~ )7 [lIxd — %21 +
WL (1 = W) Hlys — yell] +
W, (1 =W, = W, W5 (1 = W)~ )7 llye — vl +
+W (1 — W) Hixg — %21 ... (56)
187 (0, x2, y3) — A*(0,xZ, ¥yl < W3 (1 — Wy — WoW5(1 — W)™ )7t [llxg — %2l +
+Wo (1 = W) Hlys — y2ll] +
AW, (1 — Wy —W,W5(1 — W) ) [llyd — 2l +
+W5(1 = W) HIxd — 2] ... (57)

Where
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Wy = HT -(K ATK )+ (K  AMp )]
e T 1el ST 1+er)]

W, = HT [(K ATK, )+ (K 4 Map )]
2= 2 1ﬁ_’}:Le/1T 4 1ﬁ-l|: elT ’

— [ 1 3P

W3 =FT _(L1 - 1[))_;[6‘”) + (L3 + 1ﬁ_|iem)] )

— [ 2 4P

Wy =FT (LZ _1+eBT)+<L4+1+eﬁT)] ’

forall x,,x},x2 € D¢ and Vo, Vo, V2 € Dgy .

Proof:

From the properties of the functionx,(t, x,, ¥,)andy,(t, x,, y,) established by theorem 1, it follows that the
functionsA= A(0, x,, y,) and A*= A*(0, x,, ¥, )are continuous and bounded with the positive constants

AtH?T At
Ht — m M1 + ZpH (1 + m) M3f0rx0 € D)Lf ) and
BtF?T St _
Fe= 1+efT M; + 2pF (1 + m) M,fory, € Dgs , respectively.

By using (52) , we have

10, x3, yd) — A0, x2, y2) || <37 flle” ||| (& %0 (8 x2, y5), ¥ (8, %2, D)) —

1+e AT
R CEACESBACEAT) L

Z”eMT S)””I (x (tuxmyo) yoo(tuxo' )) -

1 +e’1T
- Ii(xoo(ti, x(};yol)lyoo(ti'x(?'yo ))” -

AHT
< W[Klllxoo(t' x(}'yol) - xoo(t:xg:yoz)” + KZ“yoo(tf x(}:yol) - yoo(tf xg;}’oz)”] +
ApH
+ T sl (620,500 = % (6, 8, YOI + Kallyie (8, %5, 70) = 206 %5, v

So that

1,1 2 5,2 AH 1,1 2 4,2
||A(0,x0,y0) - A(O' X0 Yo )” < m[(TKl + pK3)||xoo(t: xo:yo) - xoo(t!xoiyo )” +
+(TK; + pK)1Ye (x5, %0 ) — v (6,65, ¥ - - . (58)
And we will find by the same method and by (53) , we have :
F
14700, x5, %5 ) — A*(0, x5, YOIl < 1o [(TLy + pLy) %ot x5, Y0 ) — X0 (&, &, ¥ +

+(TLy + pL)NYoo (X0, Yo ) = Yoo &, X8, YT - - . (59)
Wherex,, (¢, x},y2), x,(t,x2, y¥)andy, (t, x}, y1), y.(t, x%,y?)are the solutions of the following integral

equations :
t

x(ttx(l){'},ok) = xé{ +fel(t_3)[f(s'x(s xo:yo) y(S xo,)’o )) -

T

A
_fl
0
+
0<

T f (s,x(s, x5, v, ¥ (5, x5, y5) ) ds]ds +

0
Z AT S)I (x(tuxo:yo) y(t“xo'yo ))
t;<t
1 p
ZeA(T_S)Ii(x(ti:x(l){!y(ic)!y(ti'x(l){’yé{)) ’ e (60)

i=1

14 el
And

t

y(t,xk,yk) = yk +feﬁ(t‘s)[f(5.x(s xk, v,y (s, xk, y8)) —

r P
- f T o ePT=9f (s, x(s, xk,y%), y(s, xk, y&))ds]ds +
0
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) PTG (xe xk, ¥, ¥ (b 1, 3) -

0<t;<t
ﬂ p
-1 +e,;TZeﬁ(H)Gi(x(ti,xé‘.yé‘).y(ti,x!,‘,yé‘)) : ... (6D)
i=1

Where k = 1,2

From (60) , we have
t

a5, 30 — 2, (6 %2 92| = %2 + f I (s, x5, 2y, v (5,30, 31)) =
0

T

A

B f 1+ el e T f (s, %..(5, %3, Yo ), (5, %3, ¥ ) )ds]ds +
0

+ Z el(T_S)Ii(xoo(ti'x(}'yol):yoo(ti:x(}tyg))_

0<t;<t
2 P
- 1+ el Z eA(T_S)Ii(xoo(ti'x(}'yol)iyoo(titx(}'yol)) -
i=1

t

—xZ - f e I (s,2x,(5, %2, ¥2), ¥ (5, x2,92)) —
0
)

T
- fl & T (5,005, %3, 330, v s, 63, ¥ ) ds]ds —
0

- Z eA(T_S)Ii (xoo(ti' x(?' y()z)' yoo(tii xg, y()z)) +

0<t;<t
1 p
+ 1+ el’[' Z eA(T_S)Ii(xOO(tilxg' y()z)l yoo(ti xgl y()z)) <
i=1
< llxs = %511+ HK t 1, (t, X, Yo ) — X (8, x5, YOI +
1.1 2 4,2 AtHTK, 1.1 2 .2
+ HKZt ”yoo(tﬂxoﬂyo) - yoo(t' X5y Yo )” + m ”xoo(t!xo'yo) - xoo(t!xoiyo )” +
AtHTK,
+ m ”yoo(tﬂx(}'yol) - yoo(tix(?:yoz)” + HK3t ”xOO(tI x(}l yol) - xoo(t:ng }’oz)” +
1.1 2 4,2 AtHT K3 1 .4,1 2 .2
+ HKyt 1y, (8 %0, Y5 ) — ¥ (8, x5, ¥l + Y Pllxe(t x5, Yo ) — X0 (&, x5, Yl +
AtHTK,
+ mpﬂyw(t. X3, Yo ) = Yoo (t, x5, ¥
ATK, ATK3p
< llxd = 2l -+ He (K + i+ Ko 5 ) (6, 90D = (6 2,321 +
ATK, ATK,p 11 5 o
+ Ht (KZ + 1 + eAT + K4 + 1 + eAT> ”yoo(tﬂxo'yo) _yoo(tlxoyyo)” L (62)

By the same method and by (61), we find :
1. (, 25, 90 ) = Yoo (6, %3, YOI < Nlys — ¥ Il +

TL, BTLzp
4 P (L g + Ly ) 6,5 = (e v +
BTL, BTLyp
+ Ft (Lz +1+7+L4 +1+7> 1Yo (t, x5, Yo ) = Yot x5, YOI ... (63)

From (62), we have:

-1
ATK, ATKsp
0 t, 11 H- o0 tl 21 2 S 1_Ht (K T L aT K >
”x(xoyo) x(xoyo)” 1+1+€AT+ 3+1+eAT

ATK, ATK,p

(llxg—x§|I+Ht (Kz +1+7+K4+

o e xd ) = 36 )
L (6%

By (63), we have:
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”J}oo(t:x(}'yc}) _yoo(tvxg:yoz)” < (1 —Ft (LZ +

(Ilyo1 — Y2 + Ft (L1 +

-1
BTL, BTLyp )
1+efT " 7% T 14 efT

TL TL
BTLy + L+ BTL3p
1+ efT 1+ efT

Y1y 6,33, 90 = v (32,5011
... (65)

By substitute (65) in (64) , we obtain :W5(1 — W,)~!
1% (8, %5, ¥ ) — %eo (8, X5, YOI < Hlxcg — X311 + Wi llxeo (£, X3, Yo ) — Xoo (&, X8, YOIl +

+Wo(1 =W llys — Y2l + Wallxe, (¢, x2, ya) — %o (8, x2, ¥OII)

So that
100 (£, %3, ¥ ) = Xoo (t, x5, YOI < (1 = Wy = WoW5(1 — W) ™) (llxg — x| +

+W (1 =W Hlys — 51D ... (66)

And also, we have .
”yoo(tﬂxgﬂyol) - yoo(tvxgﬂyoz)” < “yo1 _yozll + W4||yw(t1xg:yg) - yoo(t:x(?xyoz)” +

+ Ws(1 = W) llxg — 21l + Wallye (¢, 25, %5) — Yoo (&, %5, 751D

So that
”yoo(tﬁxoliyol) - yoo(tl x&;)’oz)” < (1 - W4- - W2W3(1 - W1)_1)_1(||}’01 - y()zll +

+Ws (1 = W)™ lxg — x211) . (67)

Now by substitute (66) and (67) in (58) and (59), we obtain on (56) and (57) respectively.
Remark 2 [1]:

The theorem 5 to ensure solution's to the system (1), in view of to happen small change in the point g

, to requite small change on the function's behaviorA= A(t, x,, y,,)-
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[2].
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[4].
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