International Journal of Engineering Inventions
ISSN: 2278-7461, www.ijeijournal.com
Volume 1, Issue 6 (October2012) PP: 55-59

Stronger Violation of Local Realism for Three Qubit Systems with
a New Bell-Type Inequality

Fatemeh Shirdel and Hossein Movahhedian
Department of Physics, Shahrood University of Technology, Shahrood, Iran

Abstract—In this paper we show the new Bell-type inequality for three qubit systems (i.e a tripartite system with two
measurements in each side and two outputs for each measurement). This inequality is violated by quantum theory with a
factor violation of 3.5 tolerating 0.5 fraction of white noise. Our inequality includes only 19 different joint probabilities
whereas in other works it is much more than this. We will also show violation amount of this inequality is 2.5. Note that
the maximum violation factor and amount of violation in available inequalities are both 2, also the white noise
tolerance of our inequality is in agreement with maximum value calculated so far.
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l. INTRODUCTION

Quantum mechanics cannot be described by local hidden variable theories. In quantum theory, the tests of local
realism are based on Bell-type inequalities. Original Bell inequality did not have any capabilities to be studied
empirically in the laboratories [1]. Since then, many attempts have been made to obtain Bell-type inequalities which
are violated by a higher factor so that it would be experimentally easy to test the non-locality feature of quantum theory. As
the non-locality feature of quantum theory is intensively used in quantum information, Bell type
inequalities have received more attention in recent years [2].
A variant of Bell-type inequality, being more general and more useful for an experimental test, was derived by Clauser,
Horne, Shimony and Holt (CHSH) [3]. In 1982, Aspect, et al. performed a verification experiment for a possible violation of
Bell inequalities in CHSH form [4]. CHSH inequality is derived from two particles. N-particle generalizations of the CHSH
inequality were proposed by Mermin, and later developed by Ardehali, Bleinski and Khyshko and others. See [5-8].
Quantum predictions can violate such inequalities by an amount increasing exponentially with the particle number [9]. for
N=3, maximal violation factor (i.e. the ratio of the value of Bell-type inequalities in quantum theory to their value in local
theory) and maximum amount of violation (i.e. the difference between the value of Bell expression according to quantum
theory and its extermum value according to local theory) are both 2. In these systems, white noise tolerance is 0.5 [10].
In this paper, we consider a three qubit system (i.e a three particles system with two dichotomic measurements on each
particle, and two outcomes for each measurement). Then for local theory, we introduce a new Bell type expression for this
system based on numerical calculations. We will show that the violation factor and the amount of violation of this inequality
exceed those of available inequalities [5-9], while its white noise tolerance agrees with the previous results.

Il.  THREE QUBIT SYSTEMS

To verify the non-locality in quantum theory We would introduce a three qubit system consisting of particles Al, A2
and AS in which two dichotomic measurements Bi, Bi and B: can be performed on particles Al, AZ and AS

respectively, where i, j,k €{1,2}. The outcomes of these measurements are denoted bil, b; and b: which can take the

values 0, 1.
The local realism assumes the existence of positive triple joint probabilities involving all
possible observations from which it should be possible to obtain all the quantum predictions as
) o . bl b2 b3 .03 6% b2 N ,
marginals. Let's denote these triple joint probabilites by  ; % % % °,, where b1 and b1 represent the
81,81,82,82,83,83

outcome values for measurements B; and B? on particle A, b; and b represent the outcome values for
measurements B and B> on particle A, and b;and b: represent the outcome values for measurements

B; and Bj on particle As respectively. These probabilities are positive. Obviously:
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1,2,1,2,.1,2
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B:L B2 Bl B2 Bl B2
blp2 o2l 2 1P B2828383
101 07 b3 b3.03
bt b2 b b2 b b2 )
The total number of q L 55010, s, denoted as Nq ,is 64,
By 57 B} B2 B} B3

Also assume P

bl
12 represents the joint probability that in a particular setting, (i.e. the probability
By

oK
b3
K
B3
of obtaining the values bl, b} and b: in a simultaneous measurement of observables B'l, B’2 and B'; on the

particles A11 A2 and & respectively).

The joint probabilities take the form:

Jk i kK

bjbabg _ by:bp :b3:P3 b3 b3 @)
gl gl gk gl gl gl Bl gk gk
18283 B3

i o] ok 1P P2 PP
bl'b2'b3

where i, j, k' e{L,2} and i' #1, j# ] and K" =K.

bi bl bl bK

From Egs. (1) and (2) we have E p12 ’3 =1. The total number of P "10253 sisN, =64 .
gl Bl BK 8l 8] K

o ob ok 17273 182 B3

As it is clear, for a local theory a Bell type expression, R , is a linear combination of joint probabilities which can be written
as:

D yTePl (3)
1,J,K,I,mn

where | €{B!,B2}, Je{B!,B2} Ke{B!, B} le{b’ b} me{b:,b2} and ne{b’,b?}.

Using equation (2) the Bell inequality in terms of q's would become:

1,.2.1,21,2
R= Z (Tl aj,ap,by,bp.c1.00 Halyazyblybz,q,cz }qbl’bl 0305 b3.03 (4)
Bl B2 Bl B2 Bl B2

aj,a2,b1,b2,c1,c2 17172727373
It is clear that:

—e<R<d (5) where
d(e) is the greatest of positive real numbers n'(u' S) in equation (5).

One of the well-known Bell type inequalities for three partite systems is Mermin inequality,
which is expressed as [6]:

« = E(B},B%,B;)+E(B;,B;,B;) + E(B;,B’,,B;) -E(B;,B;,B;) (6)
Where E(B;,B!,BY) is [5]:

E(B.,BL.B}) = (B,BL B} = DX Y (0P @

aj bj ck
In the above equation "u" is the number of zero’s resulted in each partlcular setting.
It is shown in [6] that Mermin inequality for local theories is:

-2<B, <2 ®)

Mermin inequality satisfies in Eq. (5) for e=d=2, however, according to quantum theory, the upper bound of Mermin
inequality is 4. Here, the violation factor and amount of violation are both 2 and the maximum white noise tolerance
calculated is 0.5 [10, 11].

1. A NEW TREE QUBIT BELL INEQUALITY
According to local theories, various Bell expressions are defined which correspond to different values of e and d in
Eqg. (5). These expressions are violated by quantum theory. The violation factor and the amount of violation of original Bell
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inequality, for e=1 and d=0 in Eq. (5), are 1.414 and 0.414 respectively. In [12] several Bell type inequalities, with different
values of e and d, are introduced. The numerical results in [12, 13] show that amount of violation and the violation factor of
inequalities, as defined in section 2, are related to e and d, and maximum violation increases when the upper/lower bound in
Eq. (5) increases/decreases.

One of these Bell expressions, for a tow qubit system, is as follows [12]:

0,0 0,1 1,0 0,0 1,0
_P11+P11+P11+P12_ 1,2
B1.B3 B. B B1.B% BB B1.B5
~1< ! <2 ©)
N 11 0l _9pll _ poo 10 N
+ PBl 2 + PBZ " 2PBZ 1 PBZ 2 + 2PBz 2
182 182 152 182 182

where Bi1 and sz are two possible measurements performed on particles A1 and Azrespectively and

i,je{l,Z}. With this notation, outcomes of these measurements are bil and bj2 which b}, b} e {0,1}. So

bi ) . .

P |1 J?denotes the probability that in a particular experiment, measurement B on particle A; results b and
B;,B
152

measurement Bi2 on particle A, results b;.The calculated violation factor and amount of violation, for inequality

(9), are 1.621 and 0.621 respectively which are more than the previous results in the literature.
Inspired by the result obtained in [12, 13], we have looked for three qubit Bell- type inequality in local theories which
violates quantum theory with stronger violation.

Writing Eq. (2) in matrix form, i.e. P =UQ, where P is an Np x1 matrix, Np is the total number of joint

probabilities, ¢ isan N x1 matrix, the total number of triple joint probabilities is N, and U is the conversion

matrix with dimension N, x N . Using numerical method mentioned in [12, 13] we have solved equation P = UqQ to

find all possible Bell expressions that satisfy eq. (5). Using the three qubit GHZ state, we obtain the values of derived Bell
expressions in quantum theory. The violation factor and the amount of violation for the expressions that are violated by
quantum theory have been calculated and the inequality that is violated more strongly than those other expressions in
quantum theory has been obtained. However we don't discuss these here, because the result that we are going to use in
following can be tested directly and easily.

Let's consider Blu =X and Bi =Y where ©1=12,3, we find the following Bell expression with the help of
numerical calculations mentioned above:
_ 001 110 011 100 _ 111 _ 100 000 011 _ 100 _ 001
BneW - +Pyyy + Pyyy + 4Pyyy + 4Pyyy 4PXVY 4PXYV + PXYY + PX)’Y 5PyXY 5PyXy
100 010 001 111 100 111 001 101 011
- 4Pyy>( - 4PyyX - PyyX - PyyX + 5PXXX + PXXX + PXXX + PXXX - 4PXXX
(10)
In appendix A, it is shown that:

B <1 (11)

Now we show that inequality (11) is violated by quantum theory. Consider a three-qubit Greenberger-Horne-Zeilinger state
[14] which is:

|w>GHZ=%E(||TTT>+|¢¢¢>) (12)
where T and i are spin polarization along z axis. So in quantum theory, Bnewwould become:
R 1 1 4 4 1 1 5 1 1 7

ew=—+-+-+--0-0+-+--0-0-0-0-0-0+—-+—-+—-+0-0=—= (13)
8 8 8 8 4 4 4 4 4 2

It can be seen that the violation factor and the amount of violation of the inequality (11) are 3.5 and 2.5 respectively, whereas
the maximum violation factor and maximum amount of violation of the available inequalities so far, are both 2.

To calculate the white noise tolerance of 3 new in three qubit systems, we consider the following density matrix [11]:

pWhiteNoise :(1_V)| lP>GHZ GHZ<\P| +§ I (14)

where V is the tolerance of the Bell expression, i.e. the maximum fraction of white noise admixture for which
a Bell expression stops being violated.
Obviously:
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bl bl bk
AL
8l B} 8K

Iy
by 63 b3 v (15)
sielek g

17273

i o0 pk

b} b} bk

i gl gk
8! .8} 8K
have:

QM L
— Bnew BI‘IEW
BQM _f_g
new 8
where B?xv is the value of our Bell expression, Bnew, according to quantum theory and B;SW is

is the joint probability in the presence of white noise. From equations (11) and (15), we

v (16)

the upper bound of Bnew according to local theory, and f(g) is the number of positive(negative)

terms in Bell expression.
So the white noise tolerance of our equality, i.e. Eq. (11), is:

L
v=e—2 ___05 (7)
7 20-32
2 8

which agrees with maximum value calculated up to now.

V. CONCLUSION

In this paper, it is shown that a new bell-type inequality exists for the three-qubit system, i.e. a three particles
system with two measurements for each side and two outputs for each measurement, in local theories and shown that this
inequality is violated by quantum theory with a violation factor of 3.5 and violation amount of 2.5. We have also shown that
white noise tolerance in this new Bell type expression is 0.5. Two typical bipartite qubit inequalities are CHSH and CH
inequalities in which the violation factor is 0.414 and the tolerance of white noise is 0.292. The bipartite qutrits inequalities
have been studied widely in recent years. Their maximum value of the amount of violation and the tolerance are predicted to
be 0.87293 and 0.30385 respectively for maximally entangled state. Note that for inequalities in three qubit systems, the
violation factor and amount of violation predicted are both 2 which are less than those of our inequality. Also the
maximum white noise tolerance of available three qubit inequalities is 0.5, which agrees with
white noise tolerance of our inequality. As no experiment is error- free, there was an endeavor to gain a kind of
Bell type inequality that could be violated as much as possible, and would be experimentally easy to test non-locality feature
of quantum theory, so in our inequality, this increment of violation factor and the amount of violation increase the accuracy
of experiments in which the errors are inevitable. Also one of the advantages of our inequality is that it includes only 19
different terms of joint probabilities whereas in other works it is much more than this ( for example in Mermin and
Svetlichny inequalities, it is 32 and 64 respectively). So, our inequality requires less measurement which in turn, reduces the
errors due to experiment. See [13].

Appendix A
In this appendix we derive equation (11) From the definition (2) and denoting
1,2,1,2,1,2 10201 21,2
by,bs b7 b5 b b by b7 b5 b5 ba,b L
1712288 L= 1272788 for simplicity, we have:
gl s2 gl B2 Bl B2
15152525373

110 __ ~ 010100 010110 011100 011110 110100 110110 111100 111110
Pyae =0 010100 4 10110 4 01100 4 OLILIO 4 110100 4 LIOLI0 4 111100 4

001 _ ~ 000001 000011 001001 001011 100001 100011 101001 101011
P, =4 +q +q +q +q +q +q +q

100 _ 4 010000 010010 011000 011010 | 4110000 110010 111000 111010
Ply =0 +q +q +q +q +q +q +q

011 _ 4000101 | 4000111 , 001101 , 001111 | (100101 , 100111 | 101101 , 101111
Py =4 +q +q +q +q +q +q +q

000 __ ~ 000000 000010 001000 001010 010000 010010 011000 011010
xyy =0 +q +q +q +q +q +q +q
011 __ ~ 000101 000111 001101 001111 010101 010111 011101 011111
Py =0 +q +q +q +q +q +q +q
111 _ 4010110 010111 011110 011111 110110 110111 111110 111111
Py =4 +q +q +q +q +q +q +q

100 _ ~ 100000 100010 101000 101010 110000 110010 111000 111010
xyy — 0 +q +q +q +q +q +q +(

001 __ ~ 000010 000011 001010 001011 100010 100011 101010 101011
Py =4 +q +q +q +q +q +q +q

010 _ 1 000100 000101 , ¢y 001100 001101 | (100100 (100101 , 101100 L 101101
Pox =4 +q +q +q +q +q +q +q
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100 __ ~ 010000 010001 011000 011001 110000 110001 111000 111001
Pyx=4d +q +q +q +q +q +q +q

111 _ ~ 010110 010111 011110 011111 110110 110111 111110 111111
P =4 +q +q +q +q +q +q +q

pLil _ qio0 | qlol0ll | qIOLI0 4 IOl | 111010 4 qUIIOLL 4 111110 4 1111l
PLOO — q100000 | 100001 4 100100 4 100101 | 110000 4 110001 | 110100 | 110101
POOL — 000010 4 000011 4 000110 oottt OI0010 | qO100I1 | 010110 | 010111
PLOL _ qI00010 | 100011 | 100110 4 q100ILL | 110010 4 (10011 4 110110 4 110111
POLL — 001010 | OOIOLL | O0LLI0 4 qO0ILLL 4 qOLI00 g otont QOO 4 o111l

100 __ ~ 010000 010010 010100 010110 110000 110010 110100 110110
Py =0 +q +q +q +q +q +q +q

001 _ ~ 000001 000011 000101 000111 100001 100011 100101 100111
Py =4 +q +q +q +q +q +q +q
After simplifying we obtain:
— 111111 011111 101111 _ 110111 111011 _ 111101 111110 001111
R =-4q 4q +q 4q +q 4q +q +q
+ q 010111 _ 4q 011011 + q 011101 _ 4q 011110 _ 4q 100111 + q 101011 _ 4q 101101 + q 101110
+ q 110011 + q 110101 _ 4q 110110 _ 4q 111001 + q 111010 + q 111100 _ 4q 101100 __ 4q 001011
_ 4q 100011 _ 4q 100101 + q 100110 _ 4q 101010 + q 010101 + q 010011 __ 4q 010110 + q 101001
+ q 000000 + q 100000 __ 4q 010000 + q 001000 __ 4q 000100 + q 000010 __ 4q 000001 __ 4q 110000
_ 4q 101000 + q 100100 _ 4q 100010 + q 100001 + q 011000 __ 4q 010100 + q 010010 __ 4q 010001
_ 4q 001100 __ 4q 001010 + q 001001 + q 000110 __ 4q 000101 __ 4q 000011 __ 4q 111000 + qllOlOO

_ 4q 110010 +q 110001 +q 011100 +q 011010 __ 4q 011001 __ 4q 001110 +q 0011010 +q 000111

Please note that all q’s are positive here, So according to equation 12, R new is less than or equal to 1.

REFERENCES
1. J.S. Bell, Physics 1, 199-200 (1964).
2. A. K. Ekert, Phys. Rev. Lett. 67, 661-663, (1991).
3. J.F. Clauser, M.A. Horne, A. Shimony, and R.A. Holt, Phys. Rev. Lett. 23, 880-884 (1969).
4. A. Aspect, J. Dalibard, and G. Roger, Phys.Rev. Lett. 49, 1804-1807, (1982).
5. G. Svetlichny, Phys. Rev. D 35, 3066 (1987).
6. N. D. Mermin, Phys. Rev. Lett. 65, 1838 (1990).
7. A.V. Belinsky and D.N. Klyshko, Phys. Usp. 36, 653 (1993).
8. M. Ardehali, Phys. Rev. A 46, 5375 (1992).
9. A. Cabello, Phys. Rev. A 65, 062105 (2002).
10. Jinho Chang, Younghun Kwon, Chaos, Solitons & Fractals 41, 1201-1207, (2009).
11. A. Cabello, A. Feito, A. Lamas-Linares, Phys. Rev. A 72, 052112 (2005).
12. H. Movahhedian, J. Phy. A 40, 2839-2847 (2007).
13. H. Movahhedian, Quantum Information and Computation 9, 1&2, 0090-0102 (2009).
14, D. M. Greenberger, M. A. Horne, and A. Zeilinger, in Bell’s Theorem, Quantum theory,
and Conceptions ofthe Universe, edited by M. Kafatos (Kluwer, Dordrecht,1989), p. 69.
15. D. Collins, N. Gisin, N. Linden, S. Massar, and S. Popescu, Phys. Rev. Lett. 88, 040404,

(2002).

59


http://arxiv.org/find/quant-ph/1/au:+Cabello_A/0/1/0/all/0/1
http://arxiv.org/find/quant-ph/1/au:+Feito_A/0/1/0/all/0/1
http://arxiv.org/find/quant-ph/1/au:+Lamas_Linares_A/0/1/0/all/0/1

