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On the Zeros of Complex Polynomials
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Abstract: In the framework of the Enestrom-Kakeya Theorem various results have been proved on the
location of zeros of complex polynomials. In this paper we give some new results on the zeros of complex
polynomials by restricting the real and imaginary parts of their coefficients to certain conitions.
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. Introduction and Statement of Results
The following result known as the Enestrom-Kakeya Theorem [10] is well-known in the theory of
distribution of zeros of polynomials:

n
Theorem A: Let P(2) = z a;z ! be a polynomial of degree n such that its coefficients satisfy
j=0
a,=a,,;=..2a,>a,>0.
Then all the zeros of P(z) lie in the closed unit disk |Z| <1.

In the literature [1-9, 12] there exist several generalisations and extensions of this result .
Recently Y. Choo [3] proved the following results:

n
Theorem  B: Let P(z) = z az’ be a polynomial of degree n  with
=0

Re(a;) =«;,Im(a;) = B;, ] =012,....,n, such that for some 4 and 4, and for some k, , k, ,
ka, <o, <.<a,<a,2a,,2.2q 2q,

KB SBy < <P u<B, 2122620
Then P(z) has all its zeros in R, < |Z| <R, where

R, = M and R, = &
M, a,|
with
M, =[a,| +](k, =Dz, | +](k;, ~DS,| + 2(ex, +,) — (ka, + B,) — (@ + )
and

M, = |(k1 _1)05n| +|(k2 _1)ﬁn| +2(a, +:Bﬂ) - (ka, +k,8,) —(a, +/Bo)*'|ao| -

M. H. Gulzar [8] made an improvement on the above result by proving the following result:

n
Theorem  C:  Let P(z) = Z a;z’ be a polynomial of degree n  with
=0

Re(aj) :aj,lm(aj) = p; j=012,....,n, such that for some A and g, and for some k; , k,,7,,7, ,
ka,<a,,2.<a,,<a,2.2a 21,0,
KBy S Brs S S B S B 22 21,0,

Then P(z) has all its zeros in Ry < |Z| <R, where
R; = M and R, = M,
M, a,|
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with
M3 = |an| +|(k1 _l)an| +|(k2 _1):Bn| + 2(05/1 +ﬂ,,) _(klan + kzﬂn)
+|(71 _1)a'o| — 0, +|(72 _1)ﬁo| -7,5

and
M4 :|(k1 _1)an|+|(k2 _1)ﬂn|+2(a/1 +ﬂy)_(k1an + k2ﬂn)

+|(T1 _1)a'o| L% +|(Tz _1)ﬂo| — 7,05 +|ao| :
The aim of this paper is to find a ring-shaped region between two concentric circles with centre not necessarily
on the origin. More precisely, we prove the following results:

n
Theorem  1: Let P(z) =Z:ajzJ be a  polynomial of degree n  with
=0
Re(aj) = aj,lm(aj) = p; j=012,....,n, such that for some A and g, and for some k; , k,,7,,7, ,
ka, <o, <.<a,<a 2.2a 210,
KBy SBa<SB . <B, 220 27,0

Then P(z) has all its zeros in Ry < |Z _71| < Ry where

_Okay o fal D] M,
an MS |an| |an|
with
M; = |an| +|(k1 _1)an| +|(k2 _1),Bn| +2(a, +,B,,) —(k, +k,8,)
+|(Tl _1)ao| — 0, +|(72 _l)ﬁo| -7,5
and
M6 = Z(aﬂ, +ﬂ,u) _(klan + kZﬂn) +|(k2 _1)IBH|
+|(71 _1)a0| — 014 +|(Tz _1)ﬂo| —7,5 +|ao|-
Theorem  2: Let P(z) = Zn:aj z! be a  polynomial of degree n  with
=0

Re(aj) :aj,lm(aj) = p; j=012,....,n, such that for some A and g, and for some k; , k,,7,,7, ,
ka, <o, <.<a,<a 2.2a 210,
KBy SBa< o SB <B,2.2B 27,0

Then P(z) has all its zeros in R, < |Z - 7/2| < Ry where

— I(l_kz)ﬂn R — |a0| _|(k2 _1)’8n| and R =%
8

i a, ' M, ay 2|
with
M, =la,|+|(k, =D, | +|(k, ~D)B,|+ 2e, + B,) - (kx, +k,3,)
+|(Tl _1)ao| ) +|(72 _l)ﬁo| -7,
and

M8 = 2(05/1 +ﬁ//)_(klan +k2ﬂn)+|(k1 _1)an|

+|(71 _1)a0| O +|(Tz _1)ﬂo| — 7,05 +|ao| :
Remark 1: The bounds for the zeros of P(z) in both Theorem 1 and Theorem 2 are easily seen to be sharper
than those of Theorems B and C. For different values of the parameters K,,K,,7,,7,, we get many other
interesting results. For example for
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k, =1, 7, =1, in Theorem 2 ,we get a result due to B. L. Raina et al [11].
For 7, =1,7, =1, Theorem 1 reduces to Theorem B.
Fork, =1, k, =1,, in Theorem 1, we get the following result:

n .
Corollary  1:  Let P(z) = Z a;z ! be a  polynomial of degree n  with
=0

Re(aj) =aj, Im(aj) =,8j, J=012,....,n, such that for some A and g, and for some z,,7,,
A, SO0 .S, S, 2.20, 27,0,
L. <pf,,<..< e Sﬂﬂ 2.2 0 21,0,

Then P(z) has all its zeros in Ry < |Z| < R,, where

My,

[,

R9=M and R, =
9

with
M, :|an|+2(0£/1 +ﬂy)_(an +8,) +|(71 —l)ao|—2'10£0 +|(Tz _l)ﬂo|_72ﬁo

and
My =2, +B,)—(a, + ) +|(71 _1)050|_71a0 +|(Tz _1)ﬂo| — 7.5 +|ao| :

1. Proofs of Theorems

Proof of Theorem 1: Consider the polynomial
F(2)=(0-2)P(2)
=(1-2)@,z"+a,,2"" +..+2,2+3,)
=-a,z"+(a,-a,,)2"+(,,-a,,)Z
+(a, —a,)2" +(a, —a,)z +a,

=-az"+Ka, -a, )" - (K -Da, 2"+ (o, , —, )" +
+(o —1,00)2+ (7, — Dz +a, +{(K, B8, - B,1)2" - (k, -1 B, 2"
+(Boa=Bo)Z" e +(B—7.8y)2+ (r, -1 By}

= —2"{a,z+ (K, ~Da, }-{(Ka, —a, )+ 2ot T2
Z

(k, —D 5,
z

a, -, (r,-Da, a .
ot H B~ B -

Bi—1.8,  (r,-Dp,
oo Dby

YA YA
1 .
— < 1,j=01,... , N and, therefore ,

For |Z| >1 |, we have

|an—1 - an—2|

IF(2)| 2|-7"[[a,z+ (k, —Da,|-{ka, —a, |+ 7 +o
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A :11“0| (7, n1)1“0| |a0| ko8, — Boa| + | ~14,|
K i 2" ]
+ |,Bn—1 _ﬂn—2| . + |ﬁ1 _nf_zlﬂo| + |(Tz _:-),Bo|}]
K K i

>z|"l|a,z + (ky —Dear, | —{kiar, — oy |+letns — o]+ oo oy — 1y
(7, =Dexg| +[ag|+ [k, B,y = Boa| +|(ky =D Bo| +[ 811 = Brs|

|8~z ] (e, ~D ]

=2"lla,z + (k, —Der, | —{(@ny —Ky) + (@ = y) +oo+ (@, — )
(@, =, )+t (@ — 110,) +|(7, =D |+ a0+ (Bs — K, 8,)
+|(k, =) By|+ (Brz = Boa) e+ (B = Buit) + (B = Bt) + e
+(B,—1,8) + |(72 -1 B, |}]

:|Z|n[|anz +(k, _1)an| —{2(a, + ﬂy) - (ka, +k,B8,) + |(k2 _1)18n|

+|(71 —1)0!0| +|(72 _l)ﬁo| — 1,0 — T, 5, +|ao |}]

>0
if
|anZ + (kl _1)05n| >{2(a,1 + :Bﬂ) - (klan + kZﬂn) + |(k2 _1)ﬁn|
+|(71 _1)a0| +|(72 _1)ﬂ0| — 0,0 _72:80 +|a0 |}
or
2+ 897 D%) S Lo, 1 8,) - (e, + ko) [, ~D B

2]

n

This shows that those zeros of F(z) and hence P(z) whose modulus is greater than 1 lie in
k,-De,
7 (7 D% <m[{2(al +B,) - (katy +K,5,) +[(k, -1,
+|(71 _1)a'o| +|(Tz _1):Bo| — 1,0, — 7,5}

Since the zeros of P(z) of modulus less than or equal to 1 already satisfy the above inequality, it follows that all
the zeros of P(z) lie in

|Z - }/1| <R;.
To prove the other half of the theorem, we have
F(z2)=-a,z"" +(ka, —a, )" —(k ~Da, 2" +(at, , —x, ,)2" " +......
+ (o, —1y00) 2+ (7, — Dz + {(K, B, - B.1)" —(k, -1p,z"
+(Bos— ﬂnfz)znil to +(B,—1,8))2+(r, -1 B2} + 4,
=Q(2) +a,,

where

Q@) =-a, 2" +(ka, —a,,)2" —(k, D, 2" +(a, , — &, ,)2" "+

n
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+(ay —1y00)2 + (7, =Dz +i{(K, B, - B,,)2" = (k, -1 B,2"
+(Boa _:Bn—z)zn_1 to +(B—7,8)2+(r, D) B,2}

For |Z| <1,

|Q(Z)| < |anZ +(k, _l)an| +(ay, K+ (o, , g y) +ee +(a, ~a,, ) +(a,-a,,)

T + (al - 1'10!0) + |(T1 _1)ao| + |(k2 _1):8n| + (ﬁn—l - kZﬂn) + (ﬂn—z - ﬂn—l)
to +(ﬂ/4 'ﬂml)"'(ﬂﬂ '/Bﬂfl)"' ------ +(4 _72ﬂ0)+|(72 _1)ﬁ0|
< |anz + (kl _l)an| + 2(051 + ﬂﬂ) - (klan + kzﬂn) + |(k2 _1)ﬂn|
+|(71 _1)ao| +|(72 _1)ﬂo| — T, — T, 5.
=la,z+(k, —De, |+ R
<la,|+|(k, =Dex, |+ R =My,
where
R=2(ca, + ﬁﬂ) — (ke +K,8,) +|(k2 _l)ﬂn|

+ |(71 _1)ao| — 0,0, + |(Tz _1)ﬂo| -7,5
Since Q(z) is analytic and Q(0)=0, it follows by Rouche’s theorem that
Q(2)] < Mglz| for || <1.

Therefore , for |Z| <1,

IF(2)] =[a, +Q(2)|

>|a,|—|Q(2)|
> |a,|— Myl
>0
if
<2
M,

ja,|

This shows that F(z) does not vanish in |Z| < M Itis easy to see that M, < |a0| . In other words, it follows
5

that F(z) and hence P(z) has all its zeros in |'\6/l|_0| < |Z|
Since i
4 =z-n+n|<|z=n|+]n],
we have
a,
%S|Z|S|Z—)/l|+|;/l| .
Therefore
a
Bl <l
i.e.
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20| [k, ~Da,
- <|Z—y4.
M5 ) ‘ | 1|
Hence, it follows that P(z) has all its zeros in
3| _|(ky —Der, | _
- rES AR
M. | e | 2=

That completes the proof of Theorem 1.
Proof of Theorem 2: Similar to that of Theorem 2.
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