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Abstract:- Many generalizations of the Enestrom —Kakeya Theorem are available in the literature. In this paper
we prove some results which further generalize some known results.
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l. INTRODUCTION AND STATEMENT OF RESULTS
The Enestrom —Kakeya Theorem (see[6]) is well known in the theory of the distribution of zeros of
polynomials and is often stated as follows:

n
Theorem A: Let P(z) = Z a;2' be apolynomial of degree n whose coefficients satisfy
i=0

a,z2a,; 2...2a =2a,>0.
Then P(z) has all its zeros in the closed unit disk |Z| <1.

In the literature there exist several generalizations and extensions of this result. Joyal et al [5] extended
it to polynomials with general monotonic coefficients and proved the following result:

n
Theorem B: Let P(z) = Z a;2’ be apolynomial of degree n whose coefficients satisfy
i=0

a,2a, ; Z..... 23 2Q,.
Then P(z) has all its zeros in
a, —a, +(a,|
2|
Aziz and zargar [1] generalized the result of Joyal et al [6] as follows:

|7 <

n
Theorem C: Let P(z) = Z a;2' be apolynomial of degree n such that for some k >1
=0

ka,>a,, >....2a,2a,.
Then P(z) has all its zeros in
ka, —a, +|a,|
o

For polynomials ,whose coefficients are not necessarily real, Govil and Rahman [2] proved the following
generalization of Theorem A:

lz+k-1<

n
Theorem C: If P(z) = Z:ajzJ is a polynomial of degree n with Re(a;)=a; and Im(a;) =4,
=0
j=0,1,2,...... ,1n, such that
o, 20, 220, 20,20,

where «, > 0, then P(z) has all its zeros in
2 n
2] <1+ (B -
Oy =0
Govil and Mc-tume [3] proved the following generalisations of Theorems B and C:

www.ijeijournal.com Page |49



Further Generalizations of Enestrom-Kakeya Theorem

n .
Theorem D: Let P(z) = Zajz’ be a polynomial of degree n with Re(a;)=a; and Im(a;) = g;,
=0
j=0,1,2,...... ,n. If for some K >1,
ka,z2a, ;2. 2a, 2a,,
then P(z) has all its zeros in

n
ke, —«, +‘a0‘+22‘ﬂj‘
lz+k—-1 < i=0 :

n
Theorem E: Let P(z) = Zajzj be a polynomial of degree n with Re(a;) =a; and Im(a;) = f;,

=0
j=0,1,2,...... .. If for some K >1,

KB, 2L, 12 2,2 S,
then P(z) has all its zeros in
KBy = Bo +|Bo| + 22|
j=0 .

|5,
M. H. Gulzar [4] proved the following generalizations of Theorems D and E:

|z+k -1 <

n
Theorem F: Let P(z) = Zajz‘ be a polynomial of degree n with Re(a;) =«; and Im(a;) = 5;,
=0
=0,1,2,...... ;n. If for some real numbers p >0, 0< <1,
proa, 2a, 2. 20 20,
then P(z) has all its zeros in the disk

P +a, +2‘a0‘—,u(a0 +‘ao‘)+22‘,6’j‘
=0 .

Z+ <
o x|

n

n
Theorem G: Let P(z) = Z:ajzJ be a polynomial of degree n with Re(a;) =«; and Im(a;) = 3,,
=0

=0,1,2,...... ,n. If for some real number p > 0,

PHL 2Py Z 2B 2 [,

then P(z) has all its zeros in the disk
P+ B+ 2Bo| = 1By +|Bo]) + 22 |ex |
74+~ 10
n |ﬁn|

In this paper we give generalization of Theorems F and G. In fact, we prove the following:

<

n
Theorem 1: Let P(z) = Zajz‘ be a polynomial of degree n with Re(a;)=a; and Im(a;) = 3,
=0
j=0,1,2,...... .. If for some real numbers 4, p >0, 1<k <n,a,, #0,0< <1,
pra,za, 2.0, (2 A, 20, 4 =20 =,

ne1 = e

and &, > &, ,then P(z) has all its zeros in the disk

pta, +(A-Da,, +|A-Ya, |+ 2a,| - ule, +|a| +22‘ﬁj‘
j=0

Z+ <

P
a‘n

a

o

and if &, > o, .., then P(z) has all its zeros in the disk
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n
pra,+1-ANa, , + |1— /1||an7k| + 2|a0| — ula, + |a0| + ZZ‘ﬂj‘
74P j=0
+ —_
a la
Remark 1: Taking A =1, Theorem 1 reduces to Theorem F.
If a; arerealie. S; =0 forall j, we get the following result:

<

n n |

n
Corollary 1: Let P(z) = Zajz‘ be a polynomial of degree n. If for some real numbers 4,0 >0,
j=0

1<k<na,, #0,0<u<],
p+a,za,; >.2a,,,,=>24a,, >2a,,,>..2a > 1a,,
and a,_,_, >a,_,,then P(z) has all its zeros in the disk
pl_pra, +(2-Da,, + 12 —1a, | + 2Ja,| - u(aq +|a|)

z+-—
a 2|

1

n

and if a,_, >a,_.;,» then P(z) has all its zeros in the disk

L, Pl prat @-)a,., +L-2a, |+ 2ay| - u(a, +|a,))
a, a,|

If we apply Theorem 1 to the polynomial —iP(z) , we easily get the following result:

n
Theorem 2: Let P(z) = Z:ajzJ be a polynomial of degree n with Re(a;) =a; and Im(a;) = 3,
=0

j=0,1, 2,...... ,n. If for some real numbers ﬂ,,p >0,1<k< na,, # 0, O<,u£1,
p+IBn 2ﬁn—l 2. Zﬂn—kﬂ an—k 2ﬂn—k—l 2"2ﬂ1 Zﬂﬂm

and S, 4 > [, then P(z) has all its zeros in the disk
P+ fy+ =D,y +A=1 By + 2ABo] - 1By +16o]) + 2D e
j—0

<
2|

7+ 2
a

l

n

andif B, > B, .1, then P(z) has all its zeros in the disk
P+ fy + (=)o i + 1= 2By + 2] = 1By +16o]) + 2D e
j—0

<
2|

7+ 2
a

n

Remark 2: Taking A =1, Theorem 2 reduces to Theorem G.

n
Theorem 3: Let P(z) = Zaj z' be a polynomial of degree n such that for some real numbers A, p >0,
=0

1<k<n,a,, #0,80<u<l,
lp+a=lay| = >]a ] = e ] 2[a | = 2] = [a)|
and

‘argaj—ﬂ‘s(xs%,jzo,l, ...... n.

If |an_k_1| > |an_k| (i.e. A > 1), then P(z) has all its zeros in the disk
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[|p +a,|(cosa +sina) —|a, |(cosa —sina — Acosa — Asina — A +1)

-1
+ pag|(sinar —cosa —1) + 2Ja,| + 2sin nZ‘aj‘]
i=L j=n—k

z+2|<

a

.|

n

It |2, | >8] (6.4 <1), then P(z) has all its zeros in the disk

[o+a,|(cosa +sina) +|a,_|(cosa +sina — Acosa + Asina +1- 1)

1
+ tag|(siner — cose —1) + 2Ja, |+ 2sin & nZ‘aj‘]

j=1, j#n-k
< =L

2+ 2
a 2|

Remark 3: Taking A =1 in Theorem 3, we get the following result:

n

n
Corollary 2: Let P(2) = Z a;z ! be a polynomial of degree n. If for some real numbers p > 0,0 < u <1,
j=0

lp+a,2la, ] =.....2]a] = ay].
then P(z) has all its zeros in the disk

1
[lp +a,|(cosa +sina) + ya,|(sine — cosa —1) + 2a,| + 2sin anZ‘aj I
=

<

2+2
a

2|

n

Remark 4: Taking p = (k —1)a,,k >1in Cor.2, we get the following result:

n .
Corollary 3: Let P(z) = Z a;z ! be a polynomial of degree n. If for some real numbers p > 0,0 < u <1,
j=0
Kla,| = |a,4|=..... 2], = 1ay|.
then P(z) has all its zeros in the disk

-1

[k|la,|(cosa +sina) + ula,|(sina — cosa —1) + 2|a, | + 2sin aHZ‘aj ‘]
2+ P< =
a

2|
Taking p =(k—1)a,,k >1,and & =1in Cor. 3, we get a result of Shah and Liman [7,Theorem 1].

n

1. LEMMAS
For the proofs of the above results , we need the following results:

n
Lemma 1: . Let P(z):ZajZ’ be a polynomial of degree n with complex coefficients such that
j=0

T
‘arg a; —ﬁ‘ <a< > j=0,,..n, for some real £.Then for some t>0,

ta, —a,.| <ftla,|[a, [ Jcosa + [t\aHaH kina.

The proof of lemma 1 follows from a lemma due to Govil and Rahman [2].

Lemma 2.If p(z) is regular ,p(0)# 0 and |p(Z)|SM in |Z|S1,then the number of zeros of p(z)in

|Z| < 6,0 < O <1, does not exceed L 1 log

(see[8],p171).
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1. PROOFS OF THEOREMS
Proof of Theorem 1: Consider the polynomial

F(2) =(1-2)P(2)
=(1-2)(@,2"+a, ;2" +...4az+a,)

n+1

=-a,2"" +(a, —a,,)2" +.... (A — 85y )Z

+(an—k—l n k— Z)Zn “ 1 """ +(a1_a0)z+a0

nke + (an—k - an—k—l)zn_k

=—(a, +iB,)2"" + (o, —a, ;)" + o + (0 — )2

+ (an—k _an—k—l)zn_k + (anfk—l n k— 2)2

(u-Dagz+ay +1Y. (8, B2 +if,

A (g - o)z

If a,,,>a,,, then &, , >, ,and we have

F(z) =—(e, +iﬂn)zn+1 _,OZ“ +(p+a, —(Zn_l)zn F o + (a0 — k)Zn—k+1

+ (A~ )2 = (A-Da, 2" (2 — A p) 2T

ey — )2+ (u-Dagz + ey +13 (8, ~ B,)2 + B,

n—k+1

For |Z| >1,
IF(2)>a,z"* o (R R AR AR A LA N CADFEA Y.
n— k—l

+(Aa, - an—k—l)zn_k +(A-Da,_, 2"+ (Apq =y )2+

(o — )2 + (- Dagz +ag +13 (8, - )2 +if, |

j=1

n 1 1
= |Z| Danz + p| _‘(p ta, - an—l) + (an—l - an_Z)E to + (an—k+1 - an—k) Zk_l

1
+(2’an 0k 1) (ﬂ' 1)a Zk +(an—k—l _an—k—z)m—'—

b
]

+<al—uao>zn—1_1+(ﬂ— +|Z(ﬂ ) 1)

> |z|"ﬂanz +o—{ |p+a, — | +|an_l —an_2| ot |an_k+1 —an_k|

+ M’an—k - an—k—1| + M _1||an—k| + |an—k—l - an—k—2| T + |a1 - ﬂao|
n

e =aro| +lears |+ 3|8 = Bia| + 6] } ]
i1

n
>|¢] Hanz + ol ptH o — U~y Uy — A FAG, | —

+ |ﬂ’ _1”an—k| Ty X T Ta - Hay (1_ ’U)|a0|

+oro| + ZZn(;‘ﬂj‘ 4]
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=7 Hanz +po| - +a, +(A-Da, +|A —Ya, |- ulay +|ay)) + 2a,|

+22\ﬂj\ ]

>0
if

n
|anz + p| >p+a,+(A-Da, , + |A —]4|an_k| — u(e, + |a0|) + 2|a0| + ZZ‘ﬂj‘
i=0
This shows that the zeros of F(z) whose modulus is greater than 1 lie in

p+a, +(A-Da, , + |/1 —ZI“an_k| + 2|a0| — u(ay + |a0|) + ZZ‘,BJ-‘
=0

7+ <

a 2|
But the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Hence all the
zeros of F(2) lie in

n

pta,+(A-Da, , +|A-1a, |+ 2a,| - ula, +|a0|)+22‘,6’j‘
2+ P< =0
a, 2|

Since the zeros of P(z) are also the zeros of F(z), it follows that all the zeros of P(z) lie in

n
pta,+(A-Da,, +[1-Ya, |+ 2a,| - ula, +|a,) + 22‘,3]‘
7+ ﬁ < j=0
&n |an|
If ¢, >, . then ¢ >, ,,and we have
F(Z) = _(an + iﬂn)zm—1 _pzn + (,0+ a, _an_l)zn + ... + (an—k+1 —Mn_k)zn_k+l

(@i = Fp )2 (L= A, 2T (@~ @ )2 T

b (o, — peg)z + (u-Dagz +ag +13 (B, - )2 +if,.

j=1
For |Z| >1,

IF(2)|>

anzn+1 +pzn

- ‘(,0 ta,—a, )" +(a,, —a, )" (e, — Ao, )2

+(a, — an—k—l)znik -(-Aa,, 2" (@1 — Ofn-k-z)ZrHFl t...

(o, — ptg)2 + (i =gz + g +13 (B, - 112" +if, |

j=1
n 1 1
= |Z| |anz +p| —(p+a,—a, )+ (a2, _aH)E o (@ g —lanfk)F
1 1 1
g —ia) -V g+t (@ — @) 7 +
z z z
1 o Ay 1 . p
ey —pag) g+ (=D + (B - B) o |
z z z =i z z

> |Z|nﬂanz +p| —{ |,0+0(n —an_1| +|05n_1 —an_2| +on +|05n_k+1 -Aa
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+ |an—k - an7k71| + |1— /1||an7k| + |an7k71 - an7k72| +o + |al - ua,
n

+lu=Yao| +lao| + 2|8y = B 1] } ]
j=1

n
> |Z| Hanz + p| — {p FO, O U — Oyt A A, Oy

+ |1— /1||an7k| O~ Oty — o, + (- ,u)|a0|
+lao|+ 2| 8] } ]

=0
|anz + p| —{p+a,+1L-Da, , + |1— /1||an7k| — (e, + |a0 |) +

2|a0|+2§\ﬂj\}

=[2"

>0
if

n
|anz + p| >p+a,+(1-Aa, , + |1—ﬂ,||an_k| - u(e, + |a0|) + 2|a0| + ZZ‘ﬂj‘
i=0
This shows that the zeros of F(z) whose modulus is greater than 1 lie in

n
pra, +1L-Na,  + |1—/1||an_k| + 2|a0| — u(oy + |a0|) + 22‘,6’1-‘
2+ P < 10
a 2|
But the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Hence all the
zeros of F(z) lie in

p+a, +1L-Na, , + |1— /1||an_k| + 2|a0| — u(a, + |a0|) + 22‘,6’1-‘
=0

n

7+ <
a, a,|

Since the zeros of P(z) are also the zeros of F(z), it follows that all the zeros of P(z) lie in

pra,+1-ANea, , + |1—l||an_k| + 2|a0| — u(a, + |a0|) + 22‘,81-‘
=0

7+ £

a

<

2|

n

That proves Theorem 1.
Proof of Theorem 3: Consider the polynomial

F(2) =(1-2)P(2)

=(1-2)@,z"+a,,z2"" +.....4+8,2+8a,)

n—k+1

=-a, Zn+l + (an - an—l)Zn to + (an7k+l —a, )Z + (anfk - an—kfl)znik

(g~ )2 e+ (8, —a,)Z + 4, .

If |an_k_1| > |an_k| , then|an_k+1| > |an_k| , A >1and we have, for |Z| >1, by using Lemmal,
IF(2)|=

an 7 n+l + ,OZ n n—k+1

- ‘(,D +a, — an—l)z "+ (anfl - an—z)z i to + (an7k+l —a, )Z

+(la,_ —-a_, )" +(A-Da, 2" +(@a, ., —a, )z " +...

+(a, —pag)z+(u-Da,z+a, |
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n 1 1
= |Z| |:|anZ + p| _‘(p +a, — an—l) + (anfl - an—z)z o + (an7k+l - a‘n—k)F

1 1 1
+(4a,  —a,41) Z_k +(A-Da,_, Z_k +(Qy 1 — @54 2) ZKT +

a a
Sor ]

(8, 40) —+ (u=D)
>17"llanz+ o~ { |o+a, —ay | +[an s —a, |+t [An s — 0|
+[Aa, = an |+ A = 1|an ]+ |anics — ans| F ot [y — 28y
+lu=1ao| +[ag| } ]
>|7" [,z + ol ~{(p+2,|~[a, 1) cosa + (o +a,| + a, ;) sin
+ (|, —|a, . cosa + (|a, | +|a, L) sina +..... 4+ (8, 4.1 —|a,|) cosa
+(|ap | Flani ) sine + (Aa, | —|a, ) cosa + (Aa, | +|a, 1) sine
+A=1a, |+ (an ] —[ani]) cOSa + (s | +[ay o) Sine
oo (8] — gdag|) cosa + (] + @) sin o + L w)fag| +[ag} |
= |z|"ﬂanz + p|—{p +a,|(cosa +sina) —[a, , |[(cosa —sina — Acosa — Asina

n-1
— 2+ + yla,|(sin & —cosa +1) + 2Ja,| + 2sin Z‘aj‘} ]

j=1, j=n—k

>0
Hanz +p|>|p+a,|(cosa+sina) —[a, , |(cosa —sina — Acosa — Asina

n-1
— A+ + ya,|(sin @ —cosa —1) + 2a,| + 2sin Z‘aj‘
j=1, j#n—k
This shows that the zeros of F(z) whose modulus is greater than 1 lie in
[[o+a,|(cosa +sina) —|a,_ [(cosa —sina — Acosa — Asina — A +1)

1
+ 4ag|(sine — cosa —1) + 2a, | + 2sin nZ‘aj I

j=1, j#n-k
< =11

2+ £
a, EN

But the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Hence all the

zeros of F(2) lie in

[[o+a,|(cosa +sina) —a,  [(cosa —sina — Acosa — Asina — A +1)

n-1
+ 1ag|(sina —cosa —1) + 2a |+ 2sina Y [a,]]

j=1, j#n-k
< J=11*

2+ 2
a, EN
Since the zeros of P(z) are also the zeros of F(z), it follows that all the zeros of P(z) lie in

[[o+a,|(cosa +sina) —|a, [(cosa —sina — Acosa — Asina — A +1)

4
+ tfag|(sine — cosa —1) + 2Ja | + 2sina nZ‘aj I
j=1, j=n—k

2|
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If |an_k| > |an_k+1| , then|an_k| > |an_k_1| , A <1 and we have, for |Z| > 1, by using Lemma 1,
IF(2)|=
+ (@ — )2 = Da, 2"+ (@ — 8 )2 T

+(ay —pag)z+ (u-Da,z+a, |

n+1 n—k+1

a, 2"+ 2"

- ‘(p +a, — an—l)z "+ (anfl - an—z)z i o + (an7k+l - ﬂanfk )Z

1 1
(p +a, - a‘n—l) + (an—l — a8, ) ; to + (an—k+1 - /‘Lan—k ) F

“Jo |l -
1 1 1
+(a, —a544) T L-Aa, Pr=) +(a, s — an—k—Z)F +

1 a a
+(a, _ﬂao)F*’(ﬂ_l) Zn(il +Z—2 | ]

> |z|n Hanz + | —{ lp+a, —a,|+[a,, —a, |+ [ — A8, |

+an e = Apia| F 1= Al ] F s — Qo] F oo [y — 28|
[ =Yao| +[ag] } ]
>|7"[la,z+ o] ~{(p +2,| |2, ) cosa + (o +a, |+ a, 1) sinex

+(|la, 4| —|a, o cosa + (a, 4| +|a, o) sina +.....+ (a,_ .| - |48, ) cosa
+(|ay | ]2 )sina + (a, | —|a, ) cosa + (|a, | +|a, 1) sine
+1-2a, | + (an ] —[ani2) cosa + (a4 | +[ay o)) sine
et (| = Hag ) cosa + (@] + gag]) sin e + (L - o)ag| +|ag} ]

:|z|"ﬂanz + p|—{p+a,|(cosa +sina) +|a,_ |(cosa +sina — Acosa + Asina

n-1
+1-2) + plag|(sin @ —cosa 1) + 2a |+ 2sinar Y "[a; [} |

j=1, j=n—k

>0
Hanz +p| >|p+a,|(cosa +sina) +|a,_ |[(cosa +sina — Acosa + Asina

n-1
+1-2) + ya,|(sin & —cosa —1) + 2a,| + 2sin Z‘aj‘
i=1, j#n—k
This shows that the zeros of F(z) whose modulus is greater than 1 lie in
[[p +a,|(cosa +sina) +|a,_|(cosa +sina — Acosa + Asina +1— 1)

1
+ tfag|(sine — cosa —1) + 2Ja | + 2sin nZ‘aj‘]
j=1, j=n—k

2+ <
a, 2|

But the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Hence all the
zeros of F(z) and therefore P(z) lie in

[|p+a,|(cosa +sina) +|a,_ [(cosa +sina — Acosa + Asina +1— 1)

1
+ 4a,|(sine — cosa —1) + 2a, | + 2sin nZ‘aj‘]
j=1 j=n—k

<

7+ 2
a,

That proves Theorem 3.

2|
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