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Abstract

This study presents a preview-kinematic backstepping Lyapunov controller (P-KBLC) for trajectory tracking of
differential-drive mobile robots. The controller is derived from the nonlinear kinematic error model expressed
in the robot body frame and combines reference feedforward with feedback of longitudinal, lateral, and heading
errors. A Lyapunov stability argument is provided for the nominal controller, and a gain-scheduled
implementation is formulated so that the cancellation structure of the proof is preserved. The proposed
controller is evaluated against Pure Pursuit, Adaptive Pure Pursuit, Stanley, kinematic PID, LOR, sliding mode
control, and a simplified grid-search MPC. The numerical evaluation covers five reference trajectories, three
disturbance scenarios, and Monte Carlo trials with measurement noise and wheel-slip perturbations. The
results indicate that P-KBLC is not uniformly superior to all alternatives. Instead, it provides a practical
compromise between tracking accuracy, nonlinear stability support, smooth control action, and low
computational cost. In the considered benchmark, P-KBLC achieves an RMSE close to LOR while maintaining
a higher tolerance-satisfaction rate than several geometric and predictive baselines.
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I. Introduction

Trajectory tracking is a fundamental problem in autonomous mobile robotics. Differential-drive mobile
robots are widely used in indoor transportation, service robotics, warchouse automation, and educational
platforms because of their simple mechanical structure and high maneuverability. In a tracking task, the
controller must generate feasible linear and angular velocity commands such that the robot follows a time-
parameterized reference trajectory with small position and heading errors.

Geometric tracking methods, including Pure Pursuit and Stanley control, remain attractive because of
their low computational cost and straightforward implementation [1], [2]. However, their performance can be
sensitive to the selected lookahead distance, cross-track gain, and curvature variation of the path. PID, LQR,
sliding mode control, and model predictive control provide alternative design philosophies. PID is easy to
implement but does not provide a direct nonlinear stability guarantee. LQR yields smooth local tracking when
the linearized model remains accurate. Sliding mode control improves robustness but may introduce chattering.
MPC can handle constraints and prediction, but it generally requires a larger computational budget [5]-[8], [12]-
[14].

This paper investigates P-KBLC as a lightweight nonlinear tracking controller. The purpose is not to
claim that the proposed controller dominates all existing approaches under all operating conditions. Rather, the
controller is positioned as a practical compromise between tracking accuracy, Lyapunov-based stability support,
computational simplicity, and real-time applicability.

1I. Related work

Pure Pursuit drives the robot toward a lookahead point on the desired path. Its tracking quality depends
strongly on the lookahead distance, which must balance responsiveness and smoothness [1]. Adaptive Pure
Pursuit modifies this distance according to speed or tracking error, but the method remains primarily geometric
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[4]. Stanley control uses cross-track and heading errors and has been widely discussed in autonomous vehicle
tracking [2].

Lyapunov-based tracking laws and backstepping methods provide a more model-based foundation for
nonholonomic mobile robots [3], [9], [19], [20]. These methods are particularly relevant when the controller is
derived directly from the nonlinear kinematic or dynamic model. Extensions include adaptive dynamic tracking,
fuzzy sliding-mode backstepping, and learning-assisted backstepping [10], [11], [16].

Optimization and intelligent-control approaches have also been investigated. LQR and iterative LQR
optimize quadratic performance indices around local models [12]. MPC and NMPC account for future states and
constraints at the cost of additional computation [5], [6], [13], [14]. Neural-network and NN-PID controllers can
learn control actions from data or sample controllers, but their performance depends on training quality and may
require additional analysis to guarantee closed-loop stability [15], [21].

III. Kinematic model and tracking-error formulation

Consider a differential-drive robot with pose ¢ = [x,y, 0]7, where x and y are the coordinates of the
robot center and \theta is the heading angle. Under the standard no-lateral-slip assumption, the unicycle
kinematic model is

x = vcos(@), y = vsin(0), 6 =w
r T

VZE(CUR + wp), wZZ(wR_wL)

v+t lw 2v—-Lw

“r = 2r 0 T 2r

Let the desired trajectory be pyp) = [xd(t),yd(t)]T. The desired heading, linear speed, and angular speed are
computed from the first and second derivatives of the reference trajectory:

Gd = atanZ(y'd,x‘d), Vg = ’xfi + yé

04 = (g Ya = Ya¥)/CG + Vi+ €, € >0
The body-frame tracking errors are defined as
ex = cos(0)(xqg — x) + sin(@)(ya — ¥)
e, = —sin(0)(xg — x) + cos(0)(yq — y), eg = wrap(6; —6)
The associated error dynamics are
€ = vgcos(eg) — v twe,

€, = Vgsin(eg) —wey, € =wg —w

Iv. Proposed control method
The nominal P-KBLC law combines feedforward terms from the reference motion and nonlinear error feedback:
v = v, cos(eg) + kyey
w =wg + vq(kye, + kg sin(e_0))
where ky, k,, and kg are positive gains. The term v, cos(eg) follows the desired linear speed while reducing

forward motion when the heading error is large. The w, term compensates for the desired curvature, whereas
kye, and kg sin(ey) correct lateral and heading errors.

4.1 Stability analysis
1

2 1 2 1
4 =§ex +E ey +E (1 — cos(eq))

i 1
V==ee +ec¢€ +k_ sin(eg) €y
y

. k
V=—k,e2 - <vdk—9>sin2(eg) <0
y
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Thus, for positive gains and nonnegative reference speed, the closed-loop system is stable in the Lyapunov
sense under the nominal kinematic assumptions. Convergence follows under standard smoothness and
persistence conditions, provided that severe saturation and long zero-speed intervals are absent.
4.2 Gain-scheduled implementation
If k,, is scheduled as a state-dependent variable, additional derivative terms may appear in the Lyapunov
function. To avoid this difficulty, the implementation schedules only k, and kg while keeping k,, constant:
ky(ex) = kyo + kyq lexl, ky =Yy > 0
ko(eg) = koo + ko1 legl

ko (eq)

g

V=—-kJ(e)e? —v
Vy

sin?(eg) < 0
V. Simulation methodology
The evaluation considers five reference trajectories: figure-eight, circle, ellipse, sine, and straight line.

The use of multiple paths reduces the risk of drawing conclusions from a single favorable geometry.

Measurement noise is modeled by adding zero-mean Gaussian perturbations to the measured position
and heading. Wheel slip is represented by multiplicative losses in the executed linear and angular velocities.
Three scenarios are considered: ideal motion, measurement noise only, and measurement noise combined with
wheel slip.

Each controller-trajectory-scenario combination is evaluated in repeated trials with different random
samples. The reported metrics include RMSE, MAE, maximum error, integral absolute error, a control-energy
index, the percentage of samples within the 0.05 m tolerance band, and the acceptance rate.

e = \/(xd - x)2+ (ya — ¥)?

1 1
RMSE = NZeiZ. MAE =N2|6i|

IAE =Y (le;)) At, E, =Y + w?) At

VI Results and discussion

Table 1 summarizes the Monte Carlo results. LQR obtains the lowest mean RMSE in this benchmark,
while P-KBLC achieves a comparable RMSE and the highest tolerance-satisfaction and acceptance rates. The
geometric controllers show larger average errors, mainly on trajectories with rapidly changing curvature. The
simplified MPC baseline is intentionally identified as a grid-search baseline and should not be interpreted as a
fully optimized NMPC implementation.

RMSE | RMSE MAE Intol. | 4 ceptanc
Controller mean o
mean std mean s e rate (%)
(%)
P-KBLC 0.0517 0.0240 0.0466 81.97 50.00
LQOR 0.0503 0.0087 0.0475 70.99 10.00
Sliding Mode | 5, 0.0112 0.0518 63.31 0.83
Control
PID 0.1245 | 00377 | 0.1057 | 21.46 0.00
Kinematic
 MPC 03122 | 0.1280 | 02889 6.74 0.00
Simplified
Stanley 03195 0.1328 0.2926 821 0.00
Adaptive 0.3250 0.1391 0.3010 0.34 0.00
Pure Pursuit
Pure Pursuit | 0.3255 0.1397 0.3025 1.19 0.00

Table 1. Monte Carlo summary over five trajectories and three disturbance scenarios.
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Figure 1. Representative trajectory-tracking result under measurement noise and wheel slip.
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Figure 2. Representative position-error response with a 0.05 m tolerance band.

Monte Carlo RMSE summary over multiple trajectories and scenarios
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Figure 3. Mean RMSE and standard deviation obtained from Monte Carlo trials.

These results support a cautious interpretation. P-KBLC should not be described as universally
superior. Its main value is the combination of nonlinear model-based design, a transparent Lyapunov argument,
low computational complexity, and competitive tracking performance. Compared with SMC, the absence of a
strong switching term can reduce the likelihood of chattering. Compared with simplified MPC, the controller
requires substantially less online search.

VII. Limitations and future work

The present work remains a simulation-based study. Although measurement noise, wheel slip, and
Monte Carlo trials are included, actuator dynamics, communication delay, acceleration saturation, odometry
drift, and obstacle interactions are not fully considered. Future work will include state estimation using
odometry, IMU, and filtering methods, replacement of grid-search MPC with a solver-based NMPC baseline,
and validation in ROS/Gazebo or on a physical differential-drive robot.

VIII. Conclusion

This paper presented P-KBLC for trajectory tracking of differential-drive mobile robots. The controller
combines reference feedforward with nonlinear feedback in the robot body frame. A Lyapunov analysis was
provided for the nominal law, and a gain-scheduled implementation was formulated to preserve the proof
structure. Multi-trajectory Monte Carlo simulations under measurement noise and wheel slip showed that P-
KBLC offers competitive accuracy and a high tolerance-satisfaction rate while retaining low computational
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complexity. The method is therefore best interpreted as a balanced real-time tracking option rather than a
universally optimal controller.
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  q   =      [ x ,   y , 𝜃 ]  T
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